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1. UNIQUENESS OF DAE SOLUTIONS

We relate the existence and uniqueness of the trajectory assumed in Main Paper As-
sumption 2 to the standard theory of differential-algebraic equations (DAEs) in Brenan
et al. (1996), which supplies sufficient conditions on the primitives. The theorems of the
main paper use Main Paper Assumptions 1 and 2 directly.

Index one. If H is continuously differentiable with ∇yH invertible on V, the im-
plicit function theorem determines y locally as a continuously differentiable function
of (x,µ), and substituting it into Main Paper Equations (1) and (2) reduces the DAE to
an ordinary differential equation (ODE) in (x,µ) with a unique local solution from each
consistent (x0,µ0,y0). This is the semi-explicit index-one case of Brenan et al. (1996).
For a given x0, Main Paper Assumption 2(i) asks that exactly one such trajectory satisfies
the transversality condition Main Paper Equation (5).

Singular ∇yH . A singular ∇yH does not preclude uniqueness. When a jump vari-
able such as the world interest rate of Main Paper Section 4.5 enters only through in-
tertemporal conditions, it is absent from the algebraic equation. Differentiating that
equation along solutions until the variable appears, by hand or with the Pantelides al-
gorithm (Pantelides, 1988), gives an index-one system. The index-one system enforces
only the differentiated equation, so the original equation must hold at t = 0 as an ad-
ditional initial condition. With it, the two systems have the same solutions. The multi-
country model of Main Paper Section 4.5 is reduced in this way in Section 4.2. The kernel
method can use either formulation. In our examples its solutions satisfy the differenti-
ated constraints approximately without imposing them.

1.1 Jump-Variable Multiplicity

Multiple steady states do not by themselves conflict with Main Paper Assumption 2. In
the small open economy of Main Paper Section 4.4, the limiting state depends on x0,
while the trajectory is unique for each initial condition.

Jump-variable multiplicity is the failure of Main Paper Assumption 2(i) itself. More
than one trajectory satisfies Main Paper Equations (1) to (5) for the same x0, so the initial
jump variables and co-states are not pinned down. This can arise from coordination
failures, rational-expectations indeterminacy, or an unnormalized nominal price scale.
In the last case a normalization removes it. The growth model with multiple steady states
in Main Paper Section 4.2 can have candidate paths toward different steady states from
the same x0. Each candidate is the unique trajectory satisfying Main Paper Equation (5)
once V is restricted to a region containing the path and its steady state, and our theorems
apply to each such restricted problem when the remaining assumptions hold there.

2. ROBUSTNESS

This section provides robustness checks and an exploration of data efficiency for the
neoclassical growth model.
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2.1 Sparse training data and data efficiency
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FIGURE 1. Solution of the neoclassical growth model (Main Paper Equations (6) to (8)) with-
out imposing the transversality condition (Main Paper Equation (10)), for sparse training data
D := {0,2.5,7.5,12.5,25,37.5,50,62.5,75,87.5,95,100}. The top panels show the results for cap-
ital, x(t), and associated relative errors, and the bottom two show the results for consumption,
y(t), and associated relative errors. Accurate solutions can be obtained even with a very sparse
D.

Since the number of coefficients grows linearly with the number of training points, the
cardinality of D becomes an impediment in higher dimensions with many state and
jump variables, so accuracy with sparse training data matters.

Figure 1 shows the solution of the neoclassical growth model (i.e., Main Paper Equa-
tions (6) to (8)) with D := {0,2.5,7.5,12.5,25,37.5,50,62.5,75,87.5,95,100}, which spans
the full horizon with twelve nonuniformly spaced points, denser early in the transition.
The approximate paths x̂(t) and ŷ(t) and their relative errors εx(t) and εy(t) against the
benchmark remain small.

2.2 Robustness to the choice of the kernel and kernel parameters

Table 1 shows the approximate solution of the neoclassical growth model, described in
Main Paper Equations (6) to (8), for different Matérn kernels and kernel parameters.
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The first three rows report the performance of the approximate solutions using three

different kernels at the baseline lengthscale. We present the maximum and mean abso-

lute relative errors for both the capital path, x̂(t), and the consumption path, ŷ(t). The

first row shows the baseline solution using the Matérn kernel with ν = 1
2 . The second

and third rows present results for the Matérn kernels with ν = 3
2 and ν = 5

2 , respectively.

TABLE 1. The robustness of the approximate solutions of the neoclassical growth model (i.e.,
Main Paper Equations (6) to (8)) is tested using different Matérn kernels, ν = 1

2 ,
3
2 ,

5
2 , the Gaus-

sian limit ν →∞, and lengthscales ℓ= 2,10,20. Entries are the maximum and mean absolute rel-
ative errors for capital, x̂(t), and consumption, ŷ(t), on the test grid. A “–” entry marks a rejected
solution. The Gaussian kernel at large ℓ is rejected because its Gram matrix is ill-conditioned.

ν ℓ Max of Rel. Error: x̂(t) Max of Rel. Error: ŷ(t) Mean of Rel. Error: x̂(t) Mean of Rel. Error: ŷ(t)

1/2 10 1.5e-03 3.1e-03 1.9e-04 1.1e-04

3/2 10 2.3e-04 1.1e-03 2.1e-05 6.7e-05

5/2 10 3.6e-05 4.1e-04 3.6e-06 1.2e-05

1/2 2 7.0e-03 3.3e-03 1.5e-03 7.7e-04

1/2 20 1.8e-03 3.1e-03 2.4e-04 1.3e-04

∞ 10 – – – –

∞ 2 9.2e-05 2.3e-04 1.5e-05 6.6e-06

∞ 20 – – – –

The fourth and fifth rows show the performance of the Matérn-12 kernel for two dif-

ferent lengthscales, ℓ= 2 and ℓ= 20, and the last three rows the Gaussian limit ν→∞ at

the three lengthscales.

Every accepted solution is accurate, and the method is insensitive to the choice of

Matérn kernel and lengthscale within the range tested. The Gaussian kernel, whose

Gram matrix is ill-conditioned at the two larger lengthscales, fails the acceptance check

of Section 6.2 there and is shown as “–”.

2.3 Smaller time horizons: accurate short-run dynamics

One might suspect that a solution satisfying the transversality condition requires a long

horizon in the training data, such as the D = {0,1,2, . . . ,100} of Main Paper Figure 1. This

experiment shows that a shorter horizon still gives accurate short-run dynamics.
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FIGURE 2. Solution of the neoclassical growth model (Main Paper Equations (6) to (8)) without
imposing the transversality condition (Main Paper Equation (10)), for training data with a smaller
time horizon D := {0,1, . . . ,20}. The top panels show the results for capital, x(t), and associated
relative errors, and the bottom two show the results for consumption, y(t), and associated rela-
tive errors. Accurate short-run dynamics are obtained even with a smaller time horizon.

Figure 2 shows the approximate solutions for the neoclassical growth model (i.e.,
Main Paper Equations (6) to (8)) for training data with a shorter time horizon, defined as
D := {0,1, . . . ,20}. The panels are as in Figure 1.

2.4 Trend growth without detrending

Models with balanced growth can be solved in levels, without detrending. Our theorems
do not cover growing paths, since they require the solution to stay in a compact box. The
intuition still applies. If the paths are rescaled by the correct trend rate, their derivative
seminorms stay finite as T grows. Any other rate leaves an exponential trend and a larger
norm.

We solve the neoclassical growth model of Main Paper Section 4.1 with Hicks-neutral
productivityZ(t) = e(1−a)gt, so that output isZ(t)f(x(t)) in Main Paper Equation (6) and
the marginal product is Z(t)f ′(x(t)) in Main Paper Equation (7). Each element of the
approximation class is rescaled by eĝt for x and y and by e−γĝt for the co-state, where γ
is the coefficient of relative risk aversion. The neural network (NN) of Section 6.2 rescales
both of its outputs by eĝt, with a learned ĝ as one more trainable parameter.
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The rate ĝ is either fixed at g or learned as a free parameter. With ĝ fixed, the accuracy
matches the baseline. With ĝ learned from zero, the kernel finds ĝ ≈ 0.027 for g = 0.02

and the solution stays near the saddle path, with mean relative errors of 8.95 × 10−3

for capital and 4.07× 10−3 for consumption. The NN is more accurate, but only from a
positive initial guess for ĝ. From zero it fails every time. From the positive guess, it finds
the rate to within 7.26 × 10−5, with mean relative errors of 4.61 × 10−7 for capital and
1.58× 10−7 for consumption.

3. DERIVATIONS FOR THE SMALL OPEN ECONOMY

The small open economy of Main Paper Section 4.4 sets r⋆ = r and χ = δ1−η . Setting
ẋ1 = µ̇1 = 0 in Main Paper Equations (19) and (21) and using Main Paper Equation (24)
pins down steady-state capital, q, and investment,

y⋆2
x⋆1

= δ, q⋆ =
1

η
, f ′(x⋆1) = δ+

r⋆

η
=⇒ x⋆1 =

(︃
a

δ+ r⋆/η

)︃ 1
1−a

, (S1)

but setting ẋ2 = 0 in Main Paper Equation (20),

y⋆1 = f(x⋆1)− δx⋆1 + r⋆x⋆2, (S2)

is one equation in two unknowns. The steady states form a continuum indexed by the
long-run asset position x⋆2, which inherits the initial condition through the transition
path.

By Main Paper Equations (22) and (23), consumption grows at the constant rate
(r⋆ − r)/γ, so with r⋆ = r it is flat. Combining Main Paper Equation (20) with the asset
component of Main Paper Equation (26) gives the intertemporal budget constraint

y1(0) =

(︃
r⋆ − r⋆ − r

γ

)︃[︃
b0 +

∫︂ ∞

0
e−r⋆t (f (x1(t))− y2(t))dt

]︃
. (S3)

Capital and q evolve by Main Paper Equations (19), (21) and (24), which do not involve
b0, so a change ∆b0 in the initial position leaves capital, q, investment, and the current
account unchanged, shifts consumption by r⋆∆b0, and shifts the asset path in parallel,
∆x2(t) =∆b0.

4. DERIVATIONS FOR THE MULTICOUNTRY GROWTH MODEL

This section derives the equations of Main Paper Section 4.5 from the household prob-
lem, states the reduced system that the replication code solves, and records the struc-
ture of the collocation normal equations behind the preconditioned conjugate-gradient
solver of Main Paper Figure 6. There are N countries with constant populations Li > 0,
and all variables are per worker. A single freely traded good is the numeraire at every
date, and a single bond in zero net supply, denominated in the good, pays the world rate
r⋆(t). Countries share the installation technology, depreciation, and discount rate r of
Main Paper Section 4.4, produce zif

(︁
x1,i

)︁
with zi > 0, and have constant relative risk
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aversion (CRRA) coefficient γi > 0 (log utility at γi = 1). The baseline sets zi = 1, every
experiment sets γi = γ, and the scaling experiment of Main Paper Figure 6 draws Li and
zi.

4.1 Household problem

Country i takes r⋆(t) as given and solves

max
y1,i, y2,i

∫︂ ∞

0
e−rt y1,i(t)

1−γi − 1

1− γi
dt (S4)

subject to Main Paper Equations (27) and (28), the initial conditions x1,i(0) = ki,0

and x2,i(0) = bi,0, and the no-Ponzi condition lim inft→∞ e−
∫︁ t
0 r⋆(s) ds x2,i(t) ≥ 0. The

current-value Hamiltonian is

Hi =
y1−γi
1,i − 1

1− γi
+ µ2,i

[︁
r⋆x2,i + zif

(︁
x1,i

)︁
− y1,i − y2,i

]︁
+ µ1,i

[︂
χyη2,i x

1−η
1,i − δx1,i

]︂
. (S5)

The maximum principle gives ∂Hi/∂y1,i = ∂Hi/∂y2,i = 0, which are Main Paper Equa-
tions (31) and (32), and µ̇j,i = rµj,i − ∂Hi/∂xj,i, which are Main Paper Equations (29)
and (30). The transversality conditions limt→∞ e−rtµj,i(t)xj,i(t) = 0 for capital (j = 1)
and bonds (j = 2), are necessary under the conditions of Michel (1982) and stack into
Main Paper Equation (35). The bond condition is the no-Ponzi condition binding with
equality.

4.2 Market clearing and the reduced system

An equilibrium is a collection of paths
(︁
x1,i, x2,i, µ1,i, µ2,i, y1,i, y2,i

)︁N
i=1

and r⋆, 6N +1 in
all, such that every household’s conditions hold given r⋆ and the bond market clears,
Main Paper Equation (33). Define the world bond position and the world excess supply
of goods,

B :=

N∑︂
i=1

Li x2,i, S :=
N∑︂
i=1

Li

[︁
zif
(︁
x1,i

)︁
− y1,i − y2,i

]︁
. (S6)

Summing Main Paper Equation (28) with weights Li gives

Ḃ = r⋆B + S, (S7)

and with B(0) = 0 this linear equation makes B ≡ 0 equivalent to S ≡ 0. Only one clear-
ing condition is an independent restriction. The implementation imposes bond-market
clearing and reports the per-capita goods-market gap S/

∑︁
iLi as an ex-post diagnostic.

Stacked in the notation of Main Paper Equations (1) to (3), the algebraic block H

has 2N + 1 rows in the 2N + 1 jump variables
(︁
y1,i, y2,i, r

⋆
)︁

, but the clearing row de-
pends only on the states x2,i, so ∇yH is singular and no algebraic equation determines
r⋆ at an instant. Differentiating the clearing condition twice along solutions gives first
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S = 0 and then Ṡ = 0, in which r⋆ appears linearly with the strictly negative coeffi-
cient −

∑︁
iLi

[︁
y1,i/γi + y2,i/(1− η)

]︁
, from the growth rates ẏ1,i/y1,i = (r⋆ − r)/γi and

ẏ2,i/y2,i = ẋ1,i/x1,i +
(︁
r⋆ −G1,i

)︁
/(1− η), where G1,i is the bracket of Main Paper Equa-

tion (29). Replacing the clearing row by Ṡ = 0 solved for r⋆ gives an algebraic block that
is triangular in the ordering

(︁
y1,i, y2,i, r

⋆
)︁

with nonzero determinant whenever capital,
the co-states, and the jump quantities are positive, so that formulation is index one (Sec-
tion 1) and is equivalent to the original along solutions given S(0) = 0 and B(0) = 0. The
kernel solver keeps the clearing row.

The reduced system. As in Main Paper Section 4.4, with Tobin’s qi := µ1,i/µ2,i, the
investment first-order condition Main Paper Equation (32) eliminates y2,i through the

investment rate ιi := y2,i/x1,i = (ηχqi)
1

1−η , and the co-states enter only through qi and

µ2,i. The paths solved for are
(︁
x1,i, x2,i, qi, µ2,i, y1,i

)︁N
i=1

and r⋆, all in levels, and the resid-
ual rows at every collocation point are

ẋ1,i = x1,i
(︁
χιηi − δ

)︁
, ẋ2,i = r⋆x2,i + zif

(︁
x1,i

)︁
− y1,i − ιix1,i,

q̇i =
(︁
r⋆ + δ− (1− η)χιηi

)︁
qi − zif

′ (︁x1,i)︁ , µ̇2,i = (r− r⋆)µ2,i,

0 = µ2,i y
γi
1,i − 1, 0 =

∑︁
j Lj x2,j

/︁∑︁
j Lj ,

(S8)

the equation for qi being q̇i/qi = µ̇1,i/µ1,i − µ̇2,i/µ2,i = r⋆ − G1,i by Main Paper Equa-
tions (29) and (30). Each path is represented as in Main Paper Section 3: x1,i(0) = ki,0 and
x2,i(0) = bi,0 are pinned by Main Paper Equation (34), the initial values of qi, µ2,i, y1,i,
and r⋆ are free and unpenalized, 3N+1 in all, and the 5N+1 coefficient vectors, those of
r⋆ and y1,i included, carry the ridge penalty of Main Paper Section A. With n collocation

points there are (5N+1)n residual rows, scaled by ((5N + 1)n)−1/2, in (5N+1)n+3N+1

unknowns. The clearing row at t = 0 ∈ D is identically zero. At a node the budget rows
and the clearing row give S(tj) = Ḃ(tj), which B(tj) = 0 does not force to vanish. Nei-
ther S nor Ṡ is imposed at the collocation points, and the ridge penalty selects among
the remaining freedom.

4.3 Steady states and aggregation

At a steady state, Main Paper Equation (30) with µ2,i > 0 requires r⋆ = r, so Equation (S8)

with χ = δ1−η gives q⋆i = 1/η, ι⋆i = δ, and zif
′
(︂
x⋆1,i

)︂
= δ + r/η, which is Equation (S1)

when zi = 1. Setting ẋ2,i = 0 gives the budgets y⋆1,i = zif
(︂
x⋆1,i

)︂
− δx⋆1,i + r x⋆2,i, which

leave the long-run asset distribution restricted only by
∑︁

iLi x
⋆
2,i = 0 and y⋆1,i > 0, so the

steady states form a continuum of dimension N − 1.
Integrating µ̇2,i = (r− r⋆)µ2,i and using the consumption first-order condition,

µ2,i(t) = µ2,i(0)D(t), y1,i(t) = µ2,i(0)
−1/γi D(t)−1/γi , D(t) := exp

(︃∫︂ t

0
(r− r⋆(s))ds

)︃
,

(S9)
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so consumption grows at (r⋆ − r)/γi. Capital and qi evolve by the ẋ1,i and q̇i equations
of Equation (S8), which involve neither x2,i nor γi, so the bond distribution can move
them only through r⋆. Goods-market clearing with Equation (S9) substituted reads

N∑︂
i=1

Li µ2,i(0)
−1/γi D(t)−1/γi =

N∑︂
i=1

Li

[︁
zif
(︁
x1,i(t)

)︁
− ιi(t)x1,i(t)

]︁
. (S10)

Under a common γ the left side is ΛD(t)−1/γ with Λ :=
∑︁

iLi µ2,i(0)
−1/γ , and at t = 0,

where D(0) = 1, Equation (S10) pins Λ from the ki,0 and the qi(0) alone. The block(︁
x1,i, qi, r

⋆,Λ
)︁

therefore solves a system in which the bi,0 do not appear. Given unique-
ness of its bounded solution, the paths of r⋆, every x1,i, qi, and ιi, and aggregate con-
sumption are invariant to redistributions of the bi,0 with

∑︁
iLi bi,0 = 0 that keep ev-

ery country’s consumption positive, which only split Λ across countries and move con-
sumption levels and asset paths.

4.4 A structure-exploiting preconditioner for large N

Every kernel solution in the paper minimizes the ridge objective of Main Paper Section A
with the ridge Levenberg–Marquardt solver of nlls-gram (Perla, 2026a), which works
in coordinates whitened by the Gram metric, can anneal the ridge toward a floor, and
solves the linear system of each step by a dense factorization or by matrix-free conjugate
gradient (CG) with a user-supplied preconditioner. The multicountry model supplies the
residual rows Equation (S8), the Gram metric, and the preconditioner below. The dense
factorization costs O(N3n3) per step, while the preconditioner costs O(Nn3 + nN3) to
build and O(Nn2) to apply.

The whitened normal equations. Collect the unknowns as θ =
(︂
α(1), . . . ,α(5N+1), θ0

)︂
:

one coefficient block α(b) ∈ Rn per path and the 3N + 1 free initial values θ0. Let r(θ)
stack the collocation residuals and let KD =R⊤R be the Cholesky factorization of the
Gram matrix on D, so that the ridge penalty is Euclidean in the whitened coefficients
Rα(b). With θ̃ the unknowns in whitened coordinates and J̃ the Jacobian of r with re-
spect to them, each step solves(︂

J̃
⊤
J̃ + λE + εI

)︂
δ =−

(︂
J̃
⊤
r+ λE θ̃

)︂
, (S11)

with λ the ridge weight, ε the damping, and E the projector onto the coefficient coordi-
nates.

Row structure. Every residual row at node tj depends on the paths only through the

levels
(︂
K̃α(b)

)︂
j

, the derivatives
(︂
KDα(b)

)︂
j

, and θ0, where K̃jl :=
∫︁ tj
0 k(τ, tl)dτ is the

integrated kernel matrix. Differentiating the rows of a node with respect to these local
values gives scalar weights cρbj and dρbj such that row ρ of node tj of J̃ , restricted to block
b, is

cρbj Ǩj· + dρbj

(︂
R⊤

)︂
j·
, Ǩ := K̃ R−1, KDR−1 =R⊤, (S12)
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so the coefficient blocks of J̃
⊤
J̃ are sums over nodes of outer products of rows of the

fixed matrices Ǩ and R⊤, and the Jacobian is never materialized.
Arrowhead plus a clearing correction. Country i’s five rows in Equation (S8) involve

only its own five paths, its three free initial values, and the rate, so their contribution to
the operator of Equation (S11) is an arrowhead,

Ā=

⎛⎜⎜⎜⎜⎝
A1 C⊤

1

. . .
...

AN C⊤
N

C1 · · · CN A0

⎞⎟⎟⎟⎟⎠ , (S13)

with country blocks Ai of size 5n+3, a border A0 of size n+1 for the rate, and couplings
Ci. The clearing rows are linear in the bond coefficients, so their whitened Jacobian is
U⊤ for a fixed U with n columns, nonzero only in the bond blocks, and

J̃
⊤
J̃ + λE + εI = Ā+UU⊤. (S14)

The preconditioner. The arrowhead inverts by block elimination, one batched
Cholesky of the N country blocks and one of the border Schur complement

Σ :=A0 −
N∑︂
i=1

CiA
−1
i C⊤

i , (S15)

and the clearing term is restored by the Woodbury identity,(︂
Ā+UU⊤

)︂−1
= Ā

−1 − Ā
−1

U
(︂
In +U⊤Ā

−1
U
)︂−1

U⊤Ā
−1
, (S16)

with one further Cholesky factorization of the n×n matrix In +U⊤Ā
−1

U . The weights
cρbj , d

ρb
j move with the iterate, so the preconditioner is rebuilt after every step.

Settings of the scaling experiment. Every solution in Main Paper Figure 6 uses the ker-
nel and 192-point grid of the baseline. The ridge starts at 10−7 and is annealed by factors
of 10−3 toward a floor of 3× 10−14 (10−14 at N = 100), damping starts at 10−4, and CG
runs at most 40 iterations per Levenberg–Marquardt step. The optimization converges
when the whitened gradient norm and the scaled residual norm are both below 5×10−8

within 100 steps, and a solution is accepted when it converges with finite paths, posi-
tive where the model requires, and a largest training residual below 10−5. Across sizes,
the largest mean validation residual is 3.68 × 10−5 and the largest validation residual
1.73× 10−3.

5. RECURSIVE AND STOCHASTIC MODELS

This appendix derives the state-space system Main Paper Equations (36) to (40) for
each example of Main Paper Section 5 from its Hamilton–Jacobi–Bellman (HJB) equa-
tion, then records the three reductions applied before solving. Co-states are eliminated
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through the algebraic conditions, the remaining rows are rescaled to a form in log con-
sumption, and the jump variables are reparameterized through investment. Section 5.3
describes the solvers, Section 5.4 the results, and Section 5.5 the calibration. The theo-
rems of Main Paper Section 3 do not apply here and nothing terminal is imposed in any
solution. The diagnostics of Section 5.3 check transversality after the fact at a long finite
horizon. The unknown functions are taken to be twice continuously differentiable with
interior controls.

We carry a co-state only for each endogenous state, since exogenous states carry
no decision, and write L for the generator Main Paper Equation (41) and Γ(φ,ψ) :=

∇φ⊤BB⊤∇ψ for its covariance term. When B = 0, Lφ is the derivative along the drift
and Γ≡ 0, so every expression below reduces to its deterministic counterpart.

5.1 The Stochastic Growth Model

The state-space system. A planner maximizes E
[︁∫︁∞

0 e−rtu
(︁
c(t)
)︁
dt
]︁

with u(c) = c1−γ−1
1−γ

subject to Main Paper Equations (52) and (53), where f(k) = ka and productivity is
Hicks-neutral with z a zero-mean log productivity process. The HJB equation is

rV (z, k) =max
c

{︂
u(c) + Vk(z, k)

[︁
ezf(k)− δk− c

]︁
− κz Vz(z, k) +

σ2

2 Vzz(z, k)
}︂
, (S17)

with first-order condition u′(c) = Vk. Differentiating Equation (S17) in k and applying
the envelope theorem, so that the terms in ∂c/∂k drop out,

rVk = Vk
[︁
ezf ′(k)− δ

]︁
+ Vkk

[︁
ezf(k)− δk− c

]︁
− κz Vkz +

σ2

2 Vkzz. (S18)

Define the co-state µ(z, k) := Vk(z, k). The last three terms of Equation (S18) are Lµ for
the generator Main Paper Equation (54), since µk = Vkk, µz = Vkz , and µzz = Vkzz , so
Equation (S18) is

rµ= µ
[︁
ezf ′(k)− δ

]︁
+Lµ, (S19)

which is Main Paper Equation (42) with x = (z, k), jump variable y = c, co-state µ = µ,
and

F =

[︄
−κz

ezf(k)− δk− c

]︄
, B =

[︄
σ 0

0 0

]︄
, G= ezf ′(k)− δ, H = µcγ − 1, (S20)

where the algebraic conditionH = 0 is the first-order condition c−γ = µ. The value func-
tion has disappeared: Equation (S19) and H = 0 restrict (µ, c) alone. Stacking gives the
residual Main Paper Equation (55),

R(z, k;µ, c) =

[︄
rµ− µ

[︁
ezf ′(k)− δ

]︁
−Lµ

µcγ − 1

]︄
, (S21)

and the transversality condition Main Paper Equation (40) for the endogenous state is

0 = lim
t→∞

E
[︁
e−rt k(t)µ

(︁
z(t), k(t)

)︁ ⃓⃓
z0, k0

]︁
. (S22)
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Reductions. The implementations solve Equation (S21) after three reductions.
Eliminate the co-state. The second row of Equation (S21) is imposed exactly by sub-

stituting µ= c−γ , which leaves the first row as a single equation in the policy c(z, k).
Log form. By Itô’s lemma applied to µ= e−γ log c,

Lµ
µ

=−γL log c+
γ2

2
Γ(log c, log c), (S23)

and dividing the first row of Equation (S21) by γµ gives the residual that is set to zero,

Rc(z, k) := L log c− γ

2
Γ(log c, log c)− ezf ′(k)− δ− r

γ
=

R1(z, k; c
−γ , c)

γ c−γ . (S24)

With B = diag(σ,0), Γ(log c, log c) = σ2
(︁
∂z log c

)︁2
and L log c=∇ log c ·F + σ2

2 ∂zz log c, and
Equation (S24) reads

Rc(z, k) =∇ log c ·F⏞ ⏟⏟ ⏞
drift

+
σ2

2

[︂
∂zz log c− γ

(︁
∂z log c

)︁2]︂⏞ ⏟⏟ ⏞
Itô and precautionary

−e
zf ′(k)− δ− r

γ
. (S25)

Equation (S25) and the first row of Equation (S21) have the same zero set, since they
differ by the positive factor γc−γ , but they are not the same objective when a residual is
only approximately zero.

Parameterize the jump variable through investment. Rather than c itself, the un-
known function is investment ι := ezf(k)− c, parameterized through a rescaled softplus
Uς as

ι(x) = δk0Uς

(︁
h(x)

)︁
, Uς(h) :=

1

log 2
log
(︂
1 + exp

(︁
2 log(2) ςh

)︁)︂
= log2

(︁
1 + 4ςh

)︁
, (S26)

where h is the kernel approximation or the NN of Section 5.3, k0 is the initial capital
stock, and ς = 1 here. Rescaling the standard softplus log(1 + exp(u)) in this way gives
Uς(0) = 1 and U ′

ς(0) = ς , so h≡ 0 is the constant policy ι= δk0, replacement investment
at the initial capital stock, and ι > 0 for every h. Consumption c = ezf(k) − ι is then
defined by the resource constraint, and its positivity is not imposed. Finally h takes the
state in the coordinates (z, logk), and the simulations integrate logk, whose drift is ι/k−
δ with no diffusion, in place of Main Paper Equation (53).

The deterministic case. Setting κ = σ = 0 and z0 = 0 removes the exogenous state.
The primitives are then Equation (S20) with F =

(︁
0, f(k)− δk− c

)︁
and B = 0, so L is the

derivative along the drift, Γ≡ 0, and Equation (S25) is the deterministic Euler equation
∇ log c · F =

(︁
f ′(k)− δ − r

)︁
/γ evaluated along the flow. The implementation keeps the

same policy class over (z, k) and the same change of variables Equation (S26), so the de-
terministic and stochastic residuals differ only in the drift and volatility of z. The model
is that of Main Paper Section 4.1: along the trajectory from k0, x(t) = k(t), y(t) = c

(︁
k(t)

)︁
,

and µ(t) = c
(︁
k(t)

)︁−γ
turn Equation (S19) into Main Paper Equation (7), the second row

of Equation (S21) into the CRRA form of Main Paper Equation (8) used in Main Paper
Section 4.1, and Equation (S22) into Main Paper Equation (10).
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5.2 The Stochastic Small Open Economy

The state-space system. We return to the model of Main Paper Section 4.4 and make two
of its primitives stochastic: productivity, and the world interest rate that was fixed at r⋆

in Main Paper Equations (20) and (22). The household maximizes E
[︁∫︁∞

0 e−rtu
(︁
c(t)
)︁
dt
]︁

subject to

dk(t) =
[︁
χι(t)ηk(t)1−η − δk(t)

]︁
dt, (S27)

db(t) =
[︁
r⋆(t) b(t) + ez(t)f

(︁
k(t)

)︁
− c(t)− ι(t)

]︁
dt, (S28)

dz(t) =−κz z(t)dt+ σz dW1(t), (S29)

dr⋆(t) =−κr
[︁
r⋆(t)− r̄⋆

]︁
dt+ σr

[︂
ϱdW1(t) +

√︁
1− ϱ2 dW4(t)

]︂
, (S30)

where k is installed capital, b is the net foreign asset position, ι is investment expendi-
ture, f(k) = ka, and ϱ is the correlation between the productivity and world-rate shocks.
Equation (S30) is the continuous-time counterpart of the world interest rate process es-
timated by Uribe and Yue (2006). In the notation of Main Paper Section 5.1 the state is
x= (z, k, b, r⋆), the jump variables are y = (c, ι), W is a standard four-dimensional Brow-
nian motion of which only two components are used, and

F =

⎡⎢⎢⎢⎣
−κzz

χ ιηk1−η − δk

r⋆b+ ezf(k)− c− ι

−κr
(︁
r⋆ − r̄⋆

)︁
⎤⎥⎥⎥⎦ , B =

⎡⎢⎢⎢⎣
σz 0 0 0

0 0 0 0

0 0 0 0

ϱσr 0 0
√︁
1− ϱ2 σr

⎤⎥⎥⎥⎦ , (S31)

so that BB⊤ has diagonal entries σ2z and σ2r in the z and r⋆ positions and off-diagonal
entry ϱσzσr .

The HJB equation is

rV (x) =max
c, ι

{︂
u(c) + Vk

[︁
χιηk1−η − δk

]︁
+ Vb

[︁
r⋆b+ ezf(k)− c− ι

]︁
− κzz Vz − κr

(︁
r⋆ − r̄⋆

)︁
Vr⋆ +

1
2

[︁
σ2zVzz + 2ϱσzσrVzr⋆ + σ2rVr⋆r⋆

]︁}︂
,

(S32)

with first-order conditions

u′(c) = Vb, η χVk

(︂ ι
k

)︂η−1
= Vb. (S33)

Define the co-states µ1 := Vk for installed capital and µ2 := Vb for wealth. Differenti-
ating Equation (S32) in b, the only drift term that depends on b is Vbr⋆b, and the en-
velope theorem gives rµ2 = r⋆µ2 + Lµ2. Differentiating in k, using ∂k

[︁
χιηk1−η − δk

]︁
=

(1− η)χ(ι/k)η − δ, gives rµ1 = µ1
[︁
(1− η)χ(ι/k)η − δ

]︁
+ µ2 e

zf ′(k) + Lµ1. Both are Main
Paper Equation (42) with

G=

⎡⎣(1− η)χ
(︂ ι
k

)︂η
− δ+

µ2
µ1

ezf ′(k)

r⋆

⎤⎦ , H =

⎡⎣ µ2 c
γ − 1

η χµ1

(︂ ι
k

)︂η−1
− µ2

⎤⎦ , (S34)
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which are Main Paper Equations (21) to (24) with f ′(k) replaced by ezf ′(k) and the world
rate a state rather than a parameter. The residual Main Paper Equation (44) has four
rows,

R(x;µ,y) =

⎡⎢⎢⎢⎣
rµ1 − µ1G1(x,µ,y)−Lµ1

rµ2 − µ2 r
⋆ −Lµ2

µ2 c
γ − 1

η χµ1 (ι/k)
η−1 − µ2

⎤⎥⎥⎥⎦ , (S35)

and the transversality conditions Main Paper Equation (40) for the two endogenous
states are

0 = lim
t→∞

E
[︁
e−rt k(t)µ1

(︁
x(t)

)︁]︁
, 0 = lim

t→∞
E
[︁
e−rt b(t)µ2

(︁
x(t)

)︁]︁
. (S36)

Reductions. Eliminate the co-states. The third row of Equation (S35) gives µ2 = c−γ ,
and the fourth gives the ratio

q :=
µ1
µ2

=
1

χη

(︂ ι
k

)︂1−η
, (S37)

Tobin’s q, the inversion of Main Paper Equation (24) used in Main Paper Section 4.4.
Both rows are imposed exactly by substituting µ2 = c−γ and µ1 = q c−γ , so the unknown
functions are the two jump variables.

Parameterize the jump variables through investment and the current account. In
place of (c, ι) the unknown functions are investment and the current account, CA :=

r⋆b+ ezf(k)− c− ι, the drift of b in Equation (S28). Consumption is then defined by the
budget constraint, c= r⋆b+ ezf(k)− ι−CA. Investment follows the change of variables
Equation (S26), ι(x) = δk0Uς

(︁
h1(x)

)︁
with ς = ez0f(k0)/(δk0), and the current account is

a signed linear output, CA(x) = ez0f(k0)h2(x), so h ≡ 0 is replacement investment at
the initial capital stock with a zero current account.

Log forms. By Itô’s lemma applied to µ2 = e−γ log c and µ1 = elog q−γ log c,

Lµ2
µ2

=−γL log c+
γ2

2
Γ(log c, log c), (S38)

Lµ1
µ1

= L log q+ 1
2Γ(log q, log q)− γ Γ(log q, log c) +

Lµ2
µ2

. (S39)

Dividing the second row of Equation (S35) by γµ2, and subtracting the first row divided
by µ1 from the second row divided by µ2, gives the two residuals the implementations
set to zero,

Rc(x) := L log c− γ

2
Γ(log c, log c)− r⋆ − r

γ
=

R2

γ µ2
, (S40)

Rq(x) := L log q+ 1
2Γ(log q, log q)− γ Γ(log q, log c)−

[︃
r⋆ + δ− (1− η)χ

(︂ ι
k

)︂η
− ezf ′(k)

q

]︃
= −R1

µ1
+
R2

µ2
, (S41)
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with µ1 and µ2 evaluated at µ2 = c−γ and µ1 = q c−γ . The bracket in Equation (S41)
is r⋆ −G1. The map (R1,R2) ↦→ (Rc,Rq) is inverted by R2 = γµ2Rc and R1 = µ1

(︁
γRc −

Rq
)︁

, so the two pairs have the same zero set. HereΓ(φ,ψ) = σ2z ∂zφ∂zψ+ϱσzσr
(︁
∂zφ∂r⋆ψ+

∂r⋆φ∂zψ
)︁
+ σ2r ∂r⋆φ∂r⋆ψ.

Equation (S40) is Equation (S24) with r⋆ in place of ezf ′(k) − δ. Equation (S41)
is the no-arbitrage condition for installed capital under the stochastic discount factor
e−rtc(t)−γ : L log q+ 1

2Γ(log q, log q) is the expected capital gain, and γ Γ(log q, log c) is the
risk premium, the expected excess return on installed capital, absent from Main Paper
Equation (21) and zero when B = 0.

The deterministic case. Setting σz = σr = 0 with z0 = 0 and r⋆(0) = r̄⋆ makes pro-
ductivity and the world rate constant, Γ vanishes, and Equations (S27) and (S28) and
the rows of Equation (S35) are Main Paper Equations (19) to (24) along the trajectory
x(t) =

(︁
k(t), b(t)

)︁
, y(t) =

(︁
c(x(t)), ι(x(t))

)︁
. Neither formulation imposes transversality.

5.3 Approximation and Solution

Kernel policies. The kernel implementations solve the fixed-distribution problem Main
Paper Equation (48) with D a fixed set of states and a small fixed ridge, in the form of
Main Paper Section A. For the growth models, with the residual Equation (S25),

min
α,β, h0

1

|D|
∑︂
xi∈D

Rc(xi)
2 + λα⊤(︁K + ϵI

)︁
α, h(x) =

|D|∑︂
j=1

αjK(x,xj) +β⊤
[︄

z

logk

]︄
+ h0,

(S42)

where h is the unknown function of Equation (S26), Kij = K(xi,xj) is the Gram ma-
trix of the state kernel K , λ is a small fixed ridge, ϵ > 0 keeps the metric factorizable
when states in D coincide, and the linear and constant block is unpenalized. Levenberg–
Marquardt starts from α= 0, β = 0, h0 = 0, the replacement-investment policy of Equa-
tion (S26). For the open economy there are two expansions h1 and h2 on the same cen-
ters with coefficient vectors αι and αCA, penalized as λ

[︁
αι⊤(K + ϵI)αι +αCA⊤(K +

ϵI)αCA
]︁
, each with an unpenalized linear term in the standardized state and no con-

stant, and the objective averages Equations (S40) and (S41) over the 2|D| rows. Since the
stochastic residuals differentiate the policy twice,K must be at least twice differentiable,
which rules out the Matérn-1/2 kernel of the sequential examples.

For the growth models the state kernel is the sum of a squared exponential along a
ray coordinate and an anisotropic squared exponential in the two states,

K(x,x′) =A2
ζ exp

(︄
− (ζ − ζ′)2

2ℓ2ζ

)︄
+A2 exp

(︃
− (z − z′)2

2ℓ2z
− (logk− logk′)2

2ℓ2k

)︃
, (S43)

with the ray coordinate ζ := logk − sζ z. The first component lets the policy vary along
a single direction in the state, capital relative to a productivity-scaled level, with the
two-dimensional component carrying the remainder. The slope sζ is a tuned hyper-
parameter like the amplitudes and lengthscales, sζ = 2 for the stochastic model, and
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the balanced-growth relation between z and k is not imposed. In the deterministic
model z ≡ 0, so ζ = logk and the kernel is a sum of two squared exponentials in logk.
For the open economy it is an anisotropic squared exponential K(x̃, x̃′) = A2 exp

(︁
−

1
2

∑︁4
m=1(x̃m− x̃′m)2/ℓ2m

)︁
in the standardized coordinates x̃ :=

(︁
z/sdz, logk− logk0, (b−

b0)/(20e
z0f(k0)), (r

⋆ − r̄⋆)/sdr
)︁

, with sdz = σz/
√
2κz and sdr = σr/

√
2κr the stationary

standard deviations of the exogenous states. These are also the reference NN’s input co-
ordinates.

D is fixed before solving and its states are the kernel centers. No policy values from
the source of D enter the objective, and no integration is performed while solving. In
the deterministic growth model D is the benchmark path sampled at t = 0,1, . . . ,60. In
the stochastic models it is one simulated batch of trajectories of the reference NN policy
below, integrated with the stochastic Runge–Kutta scheme for additive noise of strong
order 1.5 (SRA1) of Rößler (2010) from the initial distribution of Section 5.5. The trajec-
tory and state counts are in Table 3.

NN policies. The NN implementations solve the sample average approximation
Main Paper Equation (51). Write NN(·;θ) : Rdx → RM for an NN with d hidden layers
of width w, alternating affine maps with a pointwise nonlinearity ϕ,

NN(x;θ) =Wd+1 ϕ
(︁
Wd ϕ(· · ·ϕ(W1x+ b1) · · · ) + bd

)︁
+ bd+1, (S44)

with θ := {Wj , bj}d+1
j=1 , W1 ∈ Rw×dx , Wj ∈ Rw×w for 1 < j ≤ d, Wd+1 ∈ RM×w , and con-

formable biases. The unknown function h of Equation (S26) is

h(x) = NN
(︁
x̃;θ
)︁
, (S45)

with x̃= (z − z0, logk − logk0) in the growth model (dx = 2) and the standardized state
of the kernel above in the open economy (dx = 4, with M = 2 outputs (h1, h2)). Here
d = 2, w = 16, and ϕ is the SiLU.1 The change of variables Equation (S26) rescales the
output, and the output layer Wd+1 is initialized near zero, so training starts near the
replacement-investment policy. The approximants of Main Paper Equation (51) are the
functions of h given by the reductions of Sections 5.1 and 5.2: ŷ = ĉ and µ̂= ĉ−γ in the
growth model, ŷ = (ĉ, ι̂) and µ̂=

(︁
q̂ ĉ−γ , ĉ−γ

)︁
in the open economy. The objective is Main

Paper Equation (51) with the reduced residuals in place of R,

min
θ

1

nr

S∑︂
s=1

N∑︂
i=1

⃦⃦
R
(︁
x̂
(s)
i

)︁⃦⃦2
2
, (S46)

with R =Rc of Equation (S25) and nr = SN in the growth model, and R =
(︁
Rc,Rq

)︁
of

Equations (S40) and (S41) and nr = 2SN in the open economy, where the states x̂
(s)
i

are simulated under the current policy. The simulation runs in the coordinates of the
implementation, x̂= (z, logk) or (z, logk, b, r⋆ − r̄⋆), with drift F̂ (x̂) := F

(︁
x̂, µ̂(x̂), ŷ(x̂)

)︁
in those coordinates, whose log-capital component is ι̂/k − δ in the growth model and
χ(ι̂/k)η − δ in the open economy, and with B unchanged since capital carries no dif-
fusion. In the deterministic models the increments of Main Paper Equation (49) drop

1The sigmoid linear unit, ϕ(u) = u/(1 + e−u).
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out and the Euler–Maruyama step Main Paper Equation (50) is replaced by a fixed-step
fourth-order Runge–Kutta step in the same form,

k1 = F̂
(︁
x̂
(s)
i

)︁
, k2 = F̂

(︁
x̂
(s)
i + ∆t

2 k1

)︁
,

k3 = F̂
(︁
x̂
(s)
i + ∆t

2 k2

)︁
, k4 = F̂

(︁
x̂
(s)
i +∆tk3

)︁
,

x̂
(s)
i+1 = x̂

(s)
i + ∆t

6

(︁
k1 + 2k2 + 2k3 + k4

)︁
, (S47)

for i= 1, . . . ,N − 1. In the stochastic models the step is Main Paper Equation (50),

x̂
(s)
i+1 = x̂

(s)
i +∆t F̂

(︁
x̂
(s)
i

)︁
+B∆W

(s)
i , ∆W

(s)
i =

√
∆tZ

(s)
i . (S48)

Both schemes are run by the differentiable JAX solvers of Perla (2026b). Every state af-
ter the initial condition depends on θ through the preceding steps, so the objective is
a function of θ through the whole discretized solution of the ODE or stochastic differ-
ential equation (SDE), and its derivatives are taken through the scheme by automatic
differentiation: the discretization comes first and the differentiation second, rather than
through the continuous adjoint equations of Chen et al. (2018), Li et al. (2020). Within an
epoch the draws are fixed, so Equation (S46) is a deterministic nonlinear least-squares
problem in θ whose gradient passes through the fixed draws (Murphy, 2023, section 6.3),
minimized by Levenberg–Marquardt with geodesic acceleration and the identity metric
on θ (Perla, 2026a). The Jacobian of the residual in θ is assembled through the simulation
by forward- or reverse-mode differentiation, whichever side is smaller, and factorized
densely. Inside R the generator and Γ are evaluated by nested forward-mode differenti-
ation along F and the columns of B, so the objective differentiates the policy twice in
the state and once more in θ.

The draws are held fixed for an epoch of solver steps. At each interior epoch bound-
ary the Brownian increments are renewed, in the stochastic growth model together with
the initial capital stocks, the damping is reset, and the solver stops early if the loss on
the fresh batch is below the threshold. The solver restarts from a fresh initialization if its
loss becomes nonfinite or, in the single-epoch deterministic case, if the threshold is not
reached within the step budget. In the stochastic models the NN with the smallest mean
test residual is the reference policy whose simulated states form the kernel’s D.

TABLE 2. Settings of the recursive NN solver. Simulated D is trajectories × states per trajectory
with the step ∆t; epochs × Levenberg–Marquardt steps per epoch, both budgets; damping (ini-
tial, factor after an accepted step, factor after a rejected step); restart attempts in all; training-loss
threshold.

Model Simulated D Epochs × steps Damping (initial, accept, reject) Attempts Loss threshold

Deterministic growth 1 traj × 61, ∆t= 1 1 × 125 4.74× 10−4, 0.511, 2.82 2 2.15× 10−14

Stochastic growth 16 traj × 41, ∆t= 1.5 4 × 125 3.26× 10−5, 0.482, 2.71 4 5× 10−13

Stochastic open economy 4 traj × 33, ∆t= 1.25 5 × 100 5.1× 10−4, 0.195, 3.22 2 10−10

Diagnostics. Test residuals evaluate the reduced residual of the model along trajec-
tories resimulated under the fitted policy, from fresh initial-condition draws where the
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initial distribution is dispersed and with fresh shocks in the stochastic models: 1× 41 on
[0,40] for the deterministic growth model, 50 × 41 on [0,40] for the stochastic one, and 8

× 51 on [0,50] for the open economy, all with ∆t= 1. Path errors compare the simulated
paths against a reference: the benchmark of Main Paper Section 4.1 for the deterministic
growth model, and for the stochastic kernels the reference NN simulated from the same
initial conditions with the same Brownian increments.2 The stochastic NNs have no in-
dependent reference. Transversality diagnostics evaluate Equations (S22) and (S36) at a
long but finite horizon. For the growth models the diagnostic is

log
[︂
e−rT c(T )−γk(T )

]︂
, T = 200, (S49)

along one simulated path per training initial condition, reported as its maximum over
those initial conditions. For the open economy the diagnostics are logE

[︁
e−rT c(T )−γq(T )k(T )

]︁
and logE

[︁
e−rT c(T )−γ |b(T )|

]︁
at T = 160, with the expectations estimated by averages

over 128 simulated paths. The absolute value is strictly stronger than the signed limit in
Equation (S36).

5.4 Results

Table 3 collects the results for every model and solver, with the calibration of Section 5.5.
NN entries are medians over five seeds. Section 6 places the deterministic growth rows
beside the sequential solvers on the same calibration.

Growth models. In the deterministic model both solvers recover the benchmark path
with the accuracy of the sequential solvers, and the diagnostic Equation (S49) is the
same for both because their simulated paths coincide to the reported accuracy. In the
stochastic model the NNs attain a median test residual of 4.86× 10−8. The kernel pol-
icy, fit on its fixed D, has a mean absolute test residual of 7.74× 10−5. Under common
shocks it matches the reference paths with mean relative errors of 2.65× 10−4 in capital
and 1.59× 10−4 in consumption. Figure 3 shows the simulated capital paths under the
kernel policy for the 50 test trajectories and, at each date, the median and 90th percentile
of the relative errors against the reference NN.

Open economy. The training residuals Equations (S40) and (S41) are 9.83× 10−8 for
the NNs (median over seeds) and 1.05× 10−5 for the kernel. Test values are in Table 3.
Under common shocks the kernel matches the reference paths with a mean relative cap-
ital error of 3.95 × 10−4 and a mean asset error of 0.0217. The asset error is measured
relative to initial output, since b changes sign. Figure 4 shows the simulated paths under
the kernel policy for the eight test trajectories and, at each date, the median and 90th
percentile of the residuals across them.

5.5 Calibration

Table 4 collects the annual calibrations. The growth block maps the benchmark of
Aruoba et al. (2006), their quarterly discount factor, risk aversion, and productivity pro-
cess converted to annual rates, with their high-volatility column for σ and the annual

2The reference NN’s own test residual is measured on its Euler–Maruyama test paths, while the kernel’s
is measured on SRA1 paths, so those two residuals are not on common shocks.
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TABLE 3. Recursive and stochastic models: kernel and NN policies. Size is the number of pe-
nalized kernel coefficients (one per center for the growth models, two for the open economy)
or NN parameters. Simulated D is the number of trajectories and states per trajectory on which
the residual is enforced with the step ∆t, on [0,60] for the growth models and [0,40] for the open
economy: the benchmark path for the deterministic growth kernel, the reference NN’s simulated
paths for the stochastic kernels, and the NN’s own fourth-order Runge–Kutta or Euler–Maruyama
trajectories otherwise. Test residuals are means of |R| on the test trajectories, and path errors are
mean absolute relative errors in capital against the benchmark (deterministic) or the reference
NN under common shocks (stochastic kernels). For the growth models the diagnostic is Equa-
tion (S49). For the open economy the two diagnostics are the logs of the capital and absolute-
asset expectations at T = 160. Times are seconds for one solution.

Model Solver Size Simulated D Test |R| Path error Transversality Time

Growth model
Deterministic Kernel 61 coeffs 1 traj × 61, ∆t= 1 5.8× 10−6 3.22× 10−5 −7.4 0.272

Deterministic NN 337 params 1 traj × 61, ∆t= 1 1.39× 10−7 1.34× 10−6 −7.4 0.138

Stochastic NN 337 params 16 traj × 41, ∆t= 1.5 4.86× 10−8 — −7.295 8.75

Stochastic Kernel 336 coeffs 16 traj × 21, ∆t= 3 7.74× 10−5 2.65× 10−4 −7.296 0.56

Small open economy (diagnostics: capital, assets)
Stochastic NN 386 params 4 traj × 33, ∆t= 1.25 2.75× 10−6 — −4.93, −4.66 3.89

Stochastic Kernel 672 coeffs 16 traj × 21, ∆t= 2 5.04× 10−5 3.95× 10−4 −4.81, −4.44 1.5
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FIGURE 3. The stochastic growth model. Left: the 50 simulated capital paths under the kernel
policy, one per test shock realization. Right: the absolute relative error of the kernel policy’s cap-
ital and consumption paths against the reference NN under common shocks (median and 90th
percentile across the 50 test trajectories at each date).

depreciation of King and Rebelo (1999), and coincides with the calibration of Main Pa-
per Section 4.1. The open economy keeps the calibration of Main Paper Section 4.4
and adds the same productivity process together with the world-rate process of Uribe
and Yue (2006) converted to an annual Ornstein–Uhlenbeck process, whose stationary
dispersion of about 1.3 percentage points matches the international risk-free real rate
estimated by Fernández-Villaverde et al. (2011). The initial debtor position b0 = −0.8,
roughly half of steady-state output, follows Mendoza and Villalvazo (2020). Initial states
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FIGURE 4. The stochastic small open economy. Simulated paths under the kernel policy for capi-
tal, net foreign assets, consumption, the installed-capital value, and the world interest rate across
the eight test shock realizations, together with the absolute residuals |Rc| and |Rq| of Equa-
tions (S40) and (S41) (median and 90th percentile across trajectories at each date).

are point masses except that the stochastic growth training and test trajectories draw
logk0 with variance 0.01 around logk = 0.

TABLE 4. Annual calibration of the recursive and stochastic models.

Growth (z, k) Open economy (z, k, b, r⋆)

Preferences γ, r 2, −4 log 0.9896≈ 0.042 2, − log 0.96≈ 0.041

Technology a, δ 1
3 , 0.1 0.33, − log 0.94≈ 0.062

Installation η, χ — 0.76, δ1−η

Productivity κ, σ −4 log 0.95≈ 0.205, 0.072 κz =−4 log 0.95≈ 0.205, σz = 0.072

World rate r̄⋆, κr , σr , ϱ — r, −4 log 0.83≈ 0.745, 0.016, 0
Initial states z0 = 0, k0 = 1 z0 = 0, k0 = 1, b0 =−0.8, r⋆(0) = r̄⋆

6. SOLVER COMPARISON

The constraints of Main Paper Equation (13) can also be interpolated by an NN in place
of the kernel expansion, with selection supplied by the optimizer’s inductive bias rather
than an explicit minimum norm (Ebrahimi Kahou et al., 2024). This section first records
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the classical shooting approach and its sensitivity to the horizon, then states the NN
solver for the sequential problems and compares it with the kernel solver. Section 5.3
states the NN solver for the state-space problems.

6.1 Shooting and finite-horizon boundary-value methods

Write (x,µ,y)(t; µ̃0) for the solution of Main Paper Equations (1) to (3) from (x0, µ̃0),
and let x(∞) be the steady state to which the solution converges. Shooting solves the M
equations

Ψ(µ̃0;T ) := x(T ; µ̃0)−x(∞) = 0 (S50)

in the M unknowns µ̃0 by Newton’s method, or bisection when M = 1, integrating the
system with a standard DAE or ODE initial value solver at each evaluation. Any trajectory
whose (x,µ) converges to a finite steady state satisfies Main Paper Equation (5), which
is why the terminal condition stands in for the asymptotic one.

Sensitivity to the horizon. Suppose the steady state is a hyperbolic saddle with ex-
actly M unstable directions, that perturbations of the initial co-state map invertibly
onto those directions, and that the directions map invertibly onto the terminal state.
Evaluate the Jacobian ∇Ψ(·;T ) along the solution. Each unstable mode then grows at
the rate of its own eigenvalue, so with λmax and λmin the largest and smallest real parts
among the unstable eigenvalues of the linearization at the steady state, ∥∇Ψ(·;T )∥ grows
like eλmaxT , up to polynomial factors when the unstable block is not diagonalizable. For
M = 1 the Jacobian is a scalar, so the issue is magnitude rather than conditioning: locally
around the finite-horizon root a fixed sufficiently small terminal tolerance corresponds
to an interval of guesses of width shrinking like e−λmaxT , and integration errors with un-
stable components can be amplified at that rate. For M ≥ 2 with distinct unstable real
parts the condition number of ∇Ψ(·;T ) grows like e(λmax−λmin)T as well. Against this,
a small T forces the path toward the steady state before the transition is complete and
biases the approximation, so the horizon trades bias against sensitivity, and the tuning
becomes harder with the dimension.

Finite-horizon boundary-value methods. Related approaches discretize time and
solve the nonlinear system that enforces the dynamics, the initial condition Main Paper
Equation (4), and the artificial terminal condition x(T ) = x(∞) jointly. These avoid the
unstable forward propagation of single shooting, since the terminal error is not carried
through one long integration, but retain the truncation error of the artificial terminal
condition and its sensitivity to the choice of T . Both formulations as described require
identifying the relevant steady state, which hysteresis or multiple steady states compli-
cate because the limit may depend on x0.

6.2 The NN solver for sequential problems

Parameterization. Here NN(·;θ) : R → RM is the NN of Equation (S44) with scalar in-
put t and ϕ = tanh. The values of d (depth), w (width), and the size of θ are in Table 5.
Let ψ̂1, . . . , ψ̂M be the unknown functions of time that a model’s formulation solves for,
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listed below: components of the paths x̂, µ̂, ŷ themselves, or transformations of them
such as Tobin’s q in the open economy. Function m applies the rescaled softplus U1 of
Equation (S26) to the m-th output,

ψ̂m(t) = smU1

(︁
NNm(ωt;θ)

)︁
, U1(v) :=

1

log 2
log
(︂
1 + exp

(︁
2 log(2)v

)︁)︂
= log2

(︁
1 + 4v

)︁
,

(S51)

with ω a fixed time scale and sm a fixed scale in the units of ψ̂m, built from the initial
conditions and parameters. Signed functions, those that can take either sign (net for-
eign assets in the open-economy and multicountry models, and the price in the asset-
pricing model), omit U1. Because this rescaled softplus satisfies U1(0) = 1 and U ′

1(0) = 1,
an output near zero gives ψ̂m near sm, with slope sm in the output. In the trend-growth
variant of Section 2.4 each function also carries a factor eĝt with ĝ fixed or learned. At ini-
tialization the output layer Wd+1 is near zero, so every positive function starts near the

constant sm and every signed one near zero. The functions are in levels, ˙̂
ψm(t) is the ex-

act derivative of Equation (S51) by automatic differentiation in t, and initial conditions
enter as residual rows.

Objective. Let r(θ) stack the rows listed for each model below: the differential and
algebraic rows over ti ∈D, and the initial-condition rows x̂(0)−x0 once. The NN solves

min
θ

1

nr

⃦⃦
r(θ)

⃦⃦2
2
, (S52)

with nr the number of scalar rows: the least-squares problem of Main Paper Section A
with λ= 0, the initial condition Main Paper Equation (4) as rows rather than pinned, and
the rows of each model’s DAE after the reductions stated below. There is no norm penalty
and no terminal, transversality, or steady-state row. In the growth models the co-state is
eliminated through the algebraic condition. In the open-economy models investment is
eliminated through Main Paper Equation (24), µ1 enters through q = µ1/µ2 as in Main
Paper Section 4.4, and the differential rows of the positive paths are divided by the path,
so that the residual is the error in the growth rate. Each change preserves the zero set
but changes the least-squares weighting. The minimization is Levenberg–Marquardt on
θ with geodesic acceleration and the identity metric on the parameters, in place of the
Gram metric of the kernel solver, using the same implementation (Perla, 2026a): the Ja-
cobian of r in θ is assembled by automatic differentiation and factorized densely.

Rows by model. Linear asset pricing (Main Paper Section 4.3). The one path is the
price µ̂, signed with s= 1. The dividend path x(t) =

(︁
x0+c/g

)︁
egt−c/g solves Main Paper

Equation (14) in closed form and enters as data, as in the kernel implementation. The
one row is ˙̂µ(ti)− rµ̂(ti) + x(ti). The price has no initial condition.

Neoclassical growth (Main Paper Section 4.1) and its concave–convex variant. The
co-state is eliminated through Main Paper Equation (8) in its CRRA form, µ= y−γ , which
turns Main Paper Equation (7) into the Euler equation in consumption, the level form of
the reduction in Section 5.1. The paths (x̂, ŷ) are positive with scales x0 and f(x0)− δx0,
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and the rows are

˙̂x−
[︁
f(x̂)− δx̂− ŷ

]︁
, ˙̂y− ŷ

f ′(x̂)− δ− r

γ
, x̂(0)− x0, (S53)

with each model’s production function. Section 2.4 states the trend-growth variant.
Small open economy (Main Paper Section 4.4). The paths are the reduced system(︁

x̂1, x̂2, q̂, µ̂2, ŷ1
)︁

of that section, with x̂2 signed and scales
(︁
k0, f(k0), 1/η, c

−γ
s , cs

)︁
for

cs := f(k0) − δk0. With the investment rate ŷ2/x̂1 =
(︁
ηχq̂

)︁ 1
1−η from Main Paper Equa-

tion (24), the rows are

˙̂x1
x̂1

−
[︂
χ
(︂ ŷ2
x̂1

)︂η
− δ
]︂
, ˙̂x2 −

[︁
r⋆x̂2 + f(x̂1)− ŷ1 − ŷ2

]︁
,

˙̂q

q̂
−
[︂
r⋆ + δ− (1− η)χ

(︂ ŷ2
x̂1

)︂η
− f ′(x̂1)

q̂

]︂
,

˙̂µ2
µ̂2

−
(︁
r− r⋆

)︁
,

µ̂2 ŷ
γ
1 − 1, x̂1(0)− k0, x̂2(0)− b0,

(S54)

the five country rows of Equation (S8) for one country with zi = 1 and a fixed r⋆, with the
˙̂x1, ˙̂q, and ˙̂µ2 rows divided by x̂1, q̂, and µ̂2.

Multicountry (Main Paper Section 4.5). The same five paths per country with zif

and γi in place of f and γ, and the world rate r⋆(t) as a further positive path with scale
r: 5N + 1 outputs. The capital scale is ki,0, the asset and consumption scales are the
population-weighted means of zif(ki,0) and of cs,i := zif(ki,0)− δki,0, and µ̂2,i is scaled
by c̄−γi

s . The rows are the five differential and algebraic rows of Equation (S54) for every
country with the rate path in place of r⋆, the clearing row

∑︁
iLix̂2,i(tj)

/︁∑︁
iLi at every

tj ∈D, and the 2N initial-condition rows with the bi,0 population-demeaned.
Hyperparameters. Table 5 lists the settings. The time scale is ω = 0.01 (0.025 for asset

pricing). Damping starts at 10−5, is halved after an accepted step, and is doubled after a
rejected one. For asset pricing it starts at 10−3 and quadruples after a rejection. The op-
timization converges when the residual norm of Equation (S52) falls below 10−7.5 (10−7

for the open-economy and trend-growth models). One that does not converge within
400 steps (250 for the growth models), or whose loss becomes nonfinite, restarts from
a fresh initialization, up to five attempts in all. Acceptance is checked afterwards: the
largest absolute DAE-row residual on D (initial-condition rows excluded) and the mean
absolute residual on a uniform validation grid of 250 points (450 for the open-economy
models) must be below 10−5 (10−6 for asset pricing) and 10−6 respectively, and in the
open-economy models every path must be finite, and every path but the asset position
positive, on the training, validation, and test grids. The multicountry runs omit the val-
idation threshold. Restarts respond only to the optimizer, so a converged solution that
fails the thresholds is reported as rejected rather than re-run, and the acceptance counts
of Table 6 record how often the returned solution passes its acceptance check. The NN
is run with seven seeds, with a single seed at each of the 70 initial conditions of the
concave–convex model and for the open economy’s initial-debt and initial-asset runs.
The open-economy grids follow the kernel’s sampling, concentrated at early dates, with
81 points on [0,40] and 15 on (40,160].
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TABLE 5. Settings of the sequential NN solver: width × depth of the hidden layers, parameter
count, and collocation grid.

Model w× d Params D

Asset pricing 16 × 2 321 41 on [0,40]

Neoclassical growth 32 × 3 2242 101 on [0,100]

Concave–convex 32 × 3 2242 41 on [0,40]

Open economy 32 × 3 2341 96 on [0,160]

Multicountry, N = 2 32 × 3 2539 96 on [0,160]

6.3 Kernel and NN solvers on the sequential models

Table 6 compares the two solvers on the sequential models of Main Paper Section 4:
accuracy against each model’s benchmark, fit time, and acceptance counts (the NN is
run with seven seeds, while the kernel solutions are deterministic). Table 7 compares
all four solvers for the neoclassical growth model, sequential and recursive, kernel and
NN, which share the calibration of Section 5.5 exactly. Errors are against the common
benchmark over each solver’s own test window, [0,110] for the sequential solvers and
[0,40] for the recursive ones, and fit times are for each solver’s own design.

TABLE 6. Kernel and NN solvers on the sequential models. Errors are absolute relative errors in
capital against each model’s benchmark (in the price for asset pricing). NN entries are medians
over accepted seeds. The concave–convex rows aggregate over the 70 initial conditions, every
one of which reaches the same basin as the benchmark with both solvers, the mean averaging
the per-initial-condition means and the maximum taken over all of them. Times are medians
over accepted runs.

Model Solver Mean rel. error Max rel. error Time (s) Accepted

Asset pricing Kernel 5.7e-04 1.7e-03 0.06 1/1
NN 4.3e-05 2.0e-04 0.018 7/7

Neoclassical growth Kernel 1.9e-04 1.5e-03 0.14 1/1
NN 2.6e-07 3.2e-06 0.33 7/7

Concave–convex Kernel 1.5e-04 4.0e-03 0.0021 70/70
NN 2.6e-06 8.4e-05 0.37 70/70

Open economy Kernel 8.0e-05 2.4e-04 0.16 1/1
NN 3.3e-07 1.8e-06 0.94 7/7

7. SENSITIVITY ANALYSIS VIA IMPLICIT DIFFERENTIATION

The structural parameters and initial conditions enter the collocation residuals as ex-
plicit arguments. The solver’s stationarity condition at the returned solution therefore
defines the solution as an implicit function of them. By the implicit function theorem,
the derivative of any functional of the solved paths with respect to every parameter
and initial condition follows at once. Each scalar observable costs one reverse-mode
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TABLE 7. The neoclassical growth model across the four solvers, sharing one calibration: abso-
lute relative errors against the boundary-value benchmark over each solver’s own test window,
and fit times in seconds (NN entries are medians over accepted seeds).

Solver Mean rel. error: k Max rel. error: k Mean rel. error: c Time (s) Accepted

Sequential kernel 1.9e-04 1.5e-03 1.1e-04 0.14 1/1
Sequential NN 2.6e-07 3.2e-06 1.0e-07 0.33 7/7
Recursive kernel 3.2e-05 7.4e-05 1.6e-05 0.27 1/1
Recursive NN 1.3e-06 2.2e-06 4.7e-07 0.14 5/5

pass. There is no re-solving at perturbed parameters and no finite differencing. The tan-
gent system uses the Gauss–Newton operator of the ridge objective, which drops the
residual-weighted second derivatives and is exact when the residual vanishes. For the
NNs, whose parameters outnumber the residual rows, the undamped tangent system
at the trained parameters is rank deficient and is solved by a truncated singular value
decomposition pseudoinverse, which selects the minimum-norm parameter tangent.
Because no steady-state, transversality, or other terminal information is supplied to the
solvers, comparative statics that theory pins down are out-of-sample checks on the dif-
ferentiated solution.

To check the differentiated solution against something known, we use the base-
line calibration and solvers of Main Paper Section 4.1, extend the training grid to
D = {0,1, . . . ,120}, and differentiate x(T ) and y(T ) at T = 120 with respect to θ ∈
{a, δ, r, γ, x0}. At that horizon the solution has reached the steady state, whose compar-
ative statics are available in closed form. The steady state solves f ′(x⋆) = δ+ r, so

x⋆ =

(︃
a

δ+ r

)︃ 1
1−a

, y⋆ = (x⋆)a − δx⋆, (S55)

and differentiating, using a (x⋆)a−1 − δ = r,

∂x⋆

∂δ
=
∂x⋆

∂r
=− x⋆

(1− a) (δ+ r)
,

∂x⋆

∂a
= x⋆

[︃
1

a(1− a)
+

log (a/(δ+ r))

(1− a)2

]︃
, (S56)

∂y⋆

∂δ
= r

∂x⋆

∂δ
− x⋆,

∂y⋆

∂r
= r

∂x⋆

∂r
,

∂y⋆

∂a
= (x⋆)a logx⋆ + r

∂x⋆

∂a
. (S57)

Neither γ nor x0 appears, so their steady-state derivatives are zero, and the finite-T sen-
sitivities converge to Equations (S56) and (S57) as the transition decays. At T = 120,
x(120) = 3.60344 against x⋆ = 3.60348.

Table 8 reports the comparison. The nonzero rows agree with the closed forms to
an absolute gap of at most 1.49 × 10−3, and the two solvers agree with each other to
4.08 × 10−4. The γ and x0 rows are numerical zeros, at most 3.93 × 10−5 in absolute
value.



26 Supplementary Material

TABLE 8. Sensitivities of the neoclassical growth model solution at T = 120, differentiated
through the kernel and NN solutions (NN entries are medians over seven seeds), against the
closed-form steady-state derivatives Equations (S56) and (S57). The γ and x0 rows are exactly
zero in the closed form.

∂x(T )/∂θ ∂y(T )/∂θ

θ Kernel NN Closed Form Kernel NN Closed Form

a 23.14 23.14 23.14 2.933 2.933 2.933

δ −38.11 −38.11 −38.11 −5.197 −5.197 −5.197

r −38.11 −38.11 −38.11 −1.594 −1.594 −1.594

γ −3.064× 10−5 −3.926× 10−5 0 −6.692× 10−6 −4.982× 10−6 0

x0 3.899× 10−5 4.345× 10−6 0 −2.948× 10−6 7.029× 10−7 0
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