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We propose a ridgeless kernel method for solving infinite-horizon, determin-
istic, continuous-time models in economic dynamics, formulated as systems
of differential-algebraic equations with asymptotic boundary conditions (e.g.,
transversality). Traditional methods enforce the asymptotic boundary conditions
by targeting a known steady state, an approach that is numerically unstable, hard
to tune, and hard to apply with multiple steady states or hysteresis. Instead, our
approach solves the problem without imposing the transversality conditions, us-
ing regularization to select the unique solution fulfilling transversality. Ridgeless
kernel methods recover this path by selecting the minimum-norm solution, which
coincides with the non-explosive trajectory. We provide theoretical guarantees
showing that kernel solutions satisfy the asymptotic boundary conditions with-
out imposing them directly, and we prove that they are consistent estimators of
the true solution. Finally, we illustrate the method in low- and high-dimensional
models, including multiple steady states and hysteresis, and compare it with deep
learning.
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1. INTRODUCTION

This paper proposes using ridgeless kernel regression to solve a broad class of infinite-
horizon, deterministic, continuous-time models in economic dynamics. The main com-
putational challenge in these models is satisfying asymptotic boundary conditions, typ-
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ically arising from transversality conditions in the embedded optimal control problem.
We show that, unlike shooting algorithms that aim toward a known steady state, kernel
methods can satisfy these asymptotic conditions by selecting the least explosive among
all candidate trajectories, without even calculating the steady state, let alone imposing
it as a condition. This yields robust and computationally efficient algorithms that are
often more stable than classic methods such as shooting or solving implicit boundary-
value problems, even under steady-state multiplicity and hysteresis. Furthermore, even
when it is less precise than neural networks (NNs), the kernel method provides a formal
framework for characterizing solutions to dynamic problems in a function space, which
can be useful for both theory and econometrics.

Beyond capturing forward-looking behavior, asymptotic boundary conditions are
essential for well-posedness in the sense of Hadamard (1902, 1932), which requires ex-
istence, uniqueness, and continuous dependence on initial conditions. Without them,
the system may admit a continuum of trajectories satisfying both the initial conditions
and the differential-algebraic equations (DAEs), thereby violating well-posedness.

The central idea of this paper is to treat the problem as underdetermined: impose
initial conditions and laws of motion, but not the asymptotic boundary conditions, and
then use implicit or explicit regularization to select among the resulting trajectories.2 For
the class of problems we focus on, the unique valid solution is the only non-explosive
one, and all other trajectories fail transversality. Therefore, the job of regularization is to
rule out the explosive ones.

By choosing an appropriate function norm and penalizing it, kernel methods recover
this non-explosive solution, and thus satisfy the asymptotic boundary conditions in a
way amenable to formal characterization.

Kernel Methods. Kernel methods are a natural fit for this task since they provide a
framework for defining and penalizing function norms through the theory of the Repro-
ducing Kernel Hilbert Space (RKHS) induced by the choice of the kernel. In particular,
we focus on ridgeless kernel methods (Belkin et al., 2019), which select the minimum-
norm solution among all functions that perfectly satisfy the DAE at a finite set of points,
the training data.

A “kernel machine” is a non-parametric approximation in which a function is repre-
sented as a weighted sum of a kernel centered at each data point.3

Related Work. Our approach is connected both to traditional methods for solving
linearized systems and to a recent literature that uses machine learning (ML) to solve
nonlinear optimal control problems.

Perturbation solutions to models of economic dynamics use classic stability analy-
sis from linear-quadratic (LQ) control to find solutions that satisfy asymptotic boundary
conditions (e.g., Blanchard and Kahn, 1980). These methods exploit the linearity of time-
invariant policies in LQ control, ensuring stability by ruling out explosive roots inconsis-
tent with transversality and selecting the unique stabilizing solution. Our paper draws

2See Tikhonov (1963) and Tikhonov and Arsenin (1977) for classic treatments of regularization in ill-
posed problems. Our approach is also related to implicit and explicit regularization in deep learning
(Ebrahimi Kahou et al., 2024).

3See Rasmussen and Williams (2006) and Murphy (2022) for more details on kernel methods, Reproduc-
ing Kernel Hilbert Spaces, and the Representer Theorems.
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inspiration from this broader approach: algorithms that select non-explosive roots yield
solutions that lie on the solution manifold and automatically satisfy transversality con-
ditions.

The use of machine learning methods is becoming increasingly popular for solv-
ing and estimating economic models. Applications span a wide range, including wealth
inequality (Han et al., 2026), financial frictions (Fernández-Villaverde et al., 2023), the
heterogeneous impacts of climate change (Barnett et al., 2023), portfolio choice prob-
lems (Azinovic and Žemlička, 2023), consumption-saving with multiple durable goods
(Druedahl and Røpke, 2026), heterogeneous agent New Keynesian models (Kase et al.,
2022), human capital accumulation in the labor market (Jungerman, 2023, Adenbaum
et al., 2024), and labor market dynamics in search and matching environments (Payne
et al., 2024). These models often rely on NNs (Azinovic et al., 2022, Maliar et al., 2021,
Ebrahimi Kahou et al., 2021, 2024, Azinovic-Yang and Žemlička, 2025), but sometimes
include kernel methods in the form of Gaussian processes (Scheidegger and Bilionis,
2019). Outside economics, kernel and Gaussian-process methods are used to solve
nonlinear partial differential equations (Chen et al., 2021), but without the asymptotic
boundary conditions that are central here.

Recent work in optimal control explores how to achieve stable solutions using ML-
based methods (Nakamura-Zimmerer et al., 2022b,a, Chen, 2024, Chang et al., 2019).
More directly within economics, Ebrahimi Kahou et al. (2024) discusses the intuitive
connection between the inductive bias of ML, i.e., which solution an algorithm prefers
among those that fit the data equally well, and turnpikes (McKenzie, 1976) in dynamic
economic models, but does not provide a formal theory or consider kernel methods.
Our paper contributes to this literature, providing a formal argument for why the in-
ductive bias of ML algorithms promotes stability in infinite-horizon control when using
particular kernel machines.

Contributions. Core results of our paper include:

• Minimum norm and transversality: theoretical and empirical evidence that minimum-
norm kernel methods select the solution satisfying many asymptotic boundary con-
ditions found in economic problems;

• Learning the right set of steady states: evidence that kernel machines converge
to the economically relevant steady states of dynamical systems without comput-
ing them, namely those corresponding to cleanly characterized solutions with an
economic interpretation, even with multiple steady states (a growth model with a
concave-convex production function) or hysteresis (a small open economy). This
leads to fairly accurate generalization outside the training data, even without en-
forcing asymptotic boundary conditions;

• Consistency of ML estimates: a guarantee that our kernel estimates converge to the
true solution, and thus to one satisfying the asymptotic boundary conditions, as the
training data increase;

• Robustness and speed: demonstrations that kernel machines can be competitive in
both speed and robustness with traditional and deep-learning methods for model-
ing economic systems on small and large problems; and
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• Scalability: a multicountry growth model with an endogenous world interest rate,
solved for up to 100 countries in about a minute.

Structure. The remainder of this paper is structured as follows. Section 2 describes
the class of economic models and our assumptions, and shows that every trajectory vi-
olating transversality is explosive. Section 3 describes how kernel methods map to our
class of problems and shows that paths whose derivatives have finite RKHS norm sat-
isfy transversality. Section 3.3 shows that kernel solutions converge to the true solution
of the DAE as the number of training points grows. Section 4 presents the core applica-
tions: the neoclassical growth model, a growth model with multiple steady states, linear
asset pricing, a small open economy, and a multicountry growth model with an endoge-
nous world interest rate. Section 5 describes the state-space formulation used for the
recursive and stochastic examples, and Section 6 discusses future directions, including
extending the theory to that formulation.4 Section 7 concludes with the scope of the the-
ory and the tradeoffs of kernel methods relative to other machine learning approaches
such as NNs.

2. SETUP

We focus on an important class of dynamic problems in economics and finance: deter-
ministic, continuous-time systems that arise from discounted infinite-horizon optimal
control problems, together with algebraic constraints that encode conditions such as
instantaneous market clearing.5

Problem class. In these models, the first-order necessary conditions of the under-
lying decision problems can be stacked into a system of differential-algebraic equa-
tions (DAEs). Partition the variables into three vectors: state variables x(t) ∈ RM++, with
an initial condition x0; co-state variables µ(t) ∈ RM++, with accompanying asymptotic
boundary conditions that typically arise from the embedded control problem; and jump
variables y(t) ∈ RP , which relate the state and co-state variables (e.g., co-state = the
marginal utility of consumption) and/or impose intratemporal constraints (e.g., mar-
ket clearing conditions).6 Canonical examples of such equations arise from applying
Pontryagin’s Maximum Principle to the current-value Hamiltonian of a dynamic opti-
mization problem, as in Acemoglu (2008). In that case, µ(t) represents the current-value

4We detail the implementation of these formulations in Supplemental Appendix Section 5
(Ebrahimi Kahou et al., 2026) and provide replication examples online at https://github.com/
HighDimensionalEconLab/kernels.

5An inherent characteristic of discounted infinite-horizon optimal control problems, whether deter-
ministic or stochastic, is the presence of asymptotic boundary conditions such as transversality condi-
tions. These conditions can be formulated sequentially or recursively in a state space, and in continuous-
or discrete-time (see discussions of necessary conditions in Michel (1982), Benveniste and Scheinkman
(1982), Van et al. (2007)).

6When present, jump variables constrain the solution manifold and are not matched with boundary or
initial values. The connection between the number of jump variables and stability local to a steady state is
discussed in Blanchard and Kahn (1980).

https://github.com/HighDimensionalEconLab/kernels
https://github.com/HighDimensionalEconLab/kernels
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Lagrange multipliers (co-state variables) associated with the state variables x(t).7 Let
V⊆RM++ ×RM++ ×RP be the domain of the variables. The dynamical system with prim-
itives F ,G :V→RM and H :V→RP with a discount rate r > 0 is

ẋ(t) = F (x(t),µ(t),y(t)), (1)

µ̇(t) = rµ(t)−µ(t)⊙G(x(t),µ(t),y(t)), (2)

0=H(x(t),µ(t),y(t)), (3)

subject to M initial values, and M asymptotic boundary conditions (i.e., transversality
conditions)

x(0) = x0 (4)

0= lim
t→∞

e−rtx(t)⊙µ(t) (5)

The symbol ⊙ denotes element-wise multiplication between vectors of the same dimen-
sion.

This system is an autonomous differential-algebraic equation with a mix of initial
conditions, Equation (4), and asymptotic boundary conditions, Equation (5).

Example: Neoclassical Growth Model. The canonical example of this class in macroe-
conomics is the neoclassical growth model. To fit our notation, define: capital x(t) ∈
R++, consumption y(t) ∈R++, current-value co-state variable µ(t) ∈R++ with flow util-
ity log(y), discount rate r > 0, depreciation rate 0< δ < 1, and a twice continuously dif-
ferentiable, strictly increasing, strictly concave production function f(x) satisfying the
Inada conditions.8

ẋ(t) = f (x(t))− δx(t)− y(t) := F (x(t), µ(t), y(t)) (6)

µ̇(t) = rµ(t)− µ(t)
[︁
f ′ (x(t))− δ

]︁⏞ ⏟⏟ ⏞
:=G(x(t),µ(t),y(t))

(7)

0 = µ(t)y(t)− 1 :=H(x(t), µ(t), y(t)) (8)

x(0) = x0 (9)

0 = lim
t→∞

e−rtµ(t)x(t) (10)

7The proofs do not use non-negativity of the jump variables or strict positivity of x and µ, which holds
in our baseline examples in Sections 4.1 to 4.3. They therefore apply unchanged when components of x(t)
are naturally signed, such as the net foreign asset positions in Sections 4.4 and 4.5.

8The derivation follows the standard planning problem that maximizes the lifetime discounted utility
of consumption:

∫︁∞
0 e−rtu (c(t))dt, subject to the law of motion for capital: k̇(t) = f (k(t))− δk(t)− c(t),

where the depreciation rate satisfies 0 < δ < 1. In this case, the current-value Hamiltonian is u (c(t)) +

µ(t) [f (k(t))− δk(t)− c(t)]. The DAE follows from applying Pontryagin’s Maximum Principle along with a
standard transversality condition, and is mapped to our notation (see Acemoglu (2008)).
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This example fulfills the assumptions of Section 2.1 below, as verified in Section 4.1.
Next we will analyze the key conditions required for our algorithm, and demonstrate the
intuition with this running example.

2.1 Assumptions for Unique and Bounded Solutions

Next we make the regularity and uniqueness assumptions required for the DAE to be
well-posed, with the norms required for our method and consistency proof. First, As-
sumption 1 provides the regularity conditions on the domain.

ASSUMPTION 1 (Regularity). Write ∥v∥∞ := maxi |vi| for a vector v. Assume that F , G,
and H in Equations (1) to (3) are locally Lipschitz on V with respect to ∥ · ∥∞.9

In addition, we add standard assumptions on the problem formulation to ensure
that a unique solution exists and that its state and co-state variables are bounded and
strictly positive.10

ASSUMPTION 2 (Unique Bounded Solution). Fix x0. Call (x,µ,y) a trajectory if x,µ :

[0,∞)→RM are continuously differentiable, y : [0,∞)→RP is continuous, (x(t),µ(t),y(t)) ∈
V for all t≥ 0, and Equations (1) to (4) hold for all t≥ 0. Assume:

(i) Exactly one trajectory, (x∗,µ∗,y∗), satisfies Equation (5).

(ii) x∗,µ∗,y∗ are twice continuously differentiable and∫︂ ∞

0
∥ẋ∗(t)∥22 + ∥µ̇∗(t)∥22 + ∥ẏ∗(t)∥22 + ∥ẍ∗(t)∥22 + ∥µ̈∗(t)∥22 + ∥ÿ∗(t)∥22 dt <∞.

(iii) There exists a box

B := [x, x̄]× [µ, µ̄]× [y, ȳ]⊂V

that contains (x∗(t),µ∗(t),y∗(t)) for all t≥ 0.

The first condition, Assumption 2(i), assumes uniqueness rather than deriving it
from the primitives.11 The part specific to DAEs is whether a unique y fulfills the al-
gebraic Equation (3), since the jump variables have neither initial nor boundary val-
ues. A continuously differentiable H with invertible ∇yH on V lets us locally substitute
y = y(x,µ) into Equations (1) and (2), which is sufficient but stronger than necessary.

9Following Evans and Gariepy (1992, Section 3.1.1, p. 80): for any A ⊆ Rn, a map f : A → Rm is locally
Lipschitz if its restriction to every compact K ⊆A is Lipschitz, with a constant that may depend on K . Here
A= V, compact means closed and bounded in Rn, and the choice of norm only rescales the constant.

10See Arrow and Kurz (1970, p. 51) for when these assumptions hold. In practice, it is usually sufficient
to use a current-value rather than present-value Hamiltonian, since the present-value multipliers e−rtµ(t)

decay to zero and violate the lower bounds. In cases with growth, either solve a de-trended model or carry
the trend in the approximation class as in Supplemental Appendix Section 2.4.

11Multiple steady states do not by themselves conflict with Assumption 2: with hysteresis, as in Sec-
tion 4.4, the limiting state depends on x0 but the trajectory is unique for each initial condition (Supple-
mental Appendix Section 1.1).
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See Brenan et al. (1996) and Supplemental Appendix Section 1 for sufficient conditions
on the algebraic equations.

The remaining two conditions describe the solution itself. Condition (ii) requires its
first and second derivatives to be square-integrable. In our applications the solution
converges to an interior steady state with exponentially decaying derivatives, which is
more than enough for this to hold. Condition (iii) then requires the solution to stay in a
compact box B inside V: the state and co-state variables are bounded from above and
strictly away from zero, while the jump variables need only be bounded. Unlike (i), both
restrict only the unique solution. Trajectories that fail Equation (5) are unrestricted, and
Theorem 1 shows that none of them has finite derivative energy, the time integral of its
squared state and co-state time derivatives.

2.2 Shooting Methods and Explosive Non-Solutions

The central computational challenge is that the boundary condition Equation (5) is
asymptotic, so it cannot be imposed directly. If we knew the right µ(0) = µ0, and the
algebraic Equation (3) determined y along the path, the remaining system Equations (1)
to (4) would be an initial value problem.

First, we need to contrast two types of functions fulfilling the DAE. A solution trajec-
tory fulfills the full set of well-posed equations Equations (1) to (5), while a non-solution
trajectory fulfills the underdetermined system Equations (1) to (4) but fails the asymp-
totic boundary condition Equation (5). Assumption 2 ensures that we have a unique
bounded solution, but there is usually a continuum of non-solutions which, when the
algebraic Equation (3) determines y along the path, can each be associated with a differ-
ent µ(0). The solution is then the single value of µ(0), among this M -dimensional family
of candidates, for which transversality holds.

One classical approach is a shooting method, which guesses µ̃0, integrates Equa-
tions (1) to (3) to a large horizon T , and adjusts the guess until x(T ) is close to a known
steady state, which approximates Equation (5) when the solution converges there. The
difficulty is that a guess at any fixed distance from µ0 either leaves the domain V in finite
time, so that it does not define a trajectory on [0,∞), or produces a non-solution which,
since e−rtx(t)⊙µ(t) fails to vanish by Assumption 2(i), does not decay relative to ert and
typically becomes exponentially large as the horizon increases. Near the finite-horizon
root a fixed terminal tolerance is then typically met only by guesses in a neighborhood
that shrinks exponentially with T , while a small T forces the path toward the steady state
too early and biases the approximation. Shooting and related finite-horizon boundary-
value methods work well with a good initial guess in low dimensions, but the tuning
becomes harder with the dimension, and the long-run target must be known, which
complicates models with hysteresis or multiple steady states (Supplemental Appendix
Section 6.1).

2.3 Key Insight

The key insight into our methods is that we can use the rapid divergence separating the
unique solution from the non-solutions to our advantage.
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While pointwise evaluation of transversality at a large T is sensitive, more global ap-
proaches to distinguish solutions from non-solutions are effective. In particular, func-
tion norms and seminorms provide an alternative that is far more numerically stable
for large T , since they integrate over the horizon rather than match the path at its end-
point. Theorem 1 below shows that every non-solution has infinite derivative energy∫︁∞
0 ∥ẋ(t)∥22 + ∥µ̇(t)∥22 dt while the solution’s is finite, so for each non-solution the energy

over [0, T ] eventually exceeds the solution’s. Any norm whose square is bounded below
by a multiple of this energy and which is finite on the solution, such as the Sobolev and
RKHS norms of the derivatives below, is therefore infinite for every non-solution and
finite for the solution. Minimizing such a norm subject to Equations (1) to (4) there-
fore selects the solution, which Theorem 3 makes precise for the sampled version of the
problem.

While we could use this insight for different types of function approximation and
norms (e.g., Ebrahimi Kahou et al. (2024) empirically show similar results arising from
inductive bias in deep learning), kernel methods have the advantage that the norms are
precisely defined in the RKHS and remain stable as T grows.12

Sobolev norm solutions. Before discussing function approximation in the RKHS and
determining whether it aligns with the solution concept of the DAE, we can consider the
natural function space in which solutions to our problem class reside. This provides us
with a precise way to compare degrees of divergence that is not pointwise.

To measure how fast a trajectory moves over [0,∞), we use the Sobolev-1,2 norm of
its derivative:

∥ẇ(·)∥W1,2 :=

(︃∫︂ ∞

0

(︁
|ẇ(t)|2 + |ẅ(t)|2

)︁
dt

)︃1/2

.

This is a seminorm of w(·) because it ignores the level of w and penalizes only its first
and second derivatives.

In other words, Assumption 2(ii) says that the solution has a finite ∥ẇ(·)∥W1,2 over
[0,∞).13

Back to our setup: Theorem 1 below shows that every trajectory satisfying Equa-
tions (1) to (4) but not Equation (5) has infinite derivative energy

∫︁∞
0 ∥ẋ(t)∥22+∥µ̇(t)∥22 dt,

while the solution’s is finite by Assumption 2(ii). This energy is bounded by ∥ẋ∥2W1,2 +

∥µ̇∥2W1,2 , so the solution is the unique trajectory with finite derivative seminorm, and
over a long enough horizon [0, T ] its seminorm is smaller than that of any given non-
solution. Given Assumption 2, the trajectory fulfilling transversality is therefore the one
of finite, and hence minimal, derivative seminorm.

12The numerical difficulty of kernel methods is instead the conditioning of the Gram matrix, which does
not grow with T and is handled by standard numerical methods: an appropriate choice of kernel bandwidth
(to which the results are insensitive, Supplemental Appendix Section 2), the ridge continuation of Section A,
and the preconditioning of Supplemental Appendix Section 4.4 at large N .

13We note that the seminorm ∥ẇ(·)∥W1,2 is a more natural measure of complexity than the full norm
∥w(·)∥W2,2 . Consider for example a problem where w(T ) converges to some nonzero steady state w(∞) as
T →∞. Such a function is not square-integrable over [0,∞), so its full norm diverges while the seminorm
can stay finite.
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THEOREM 1 (Divergence of Non-Solutions). For a DAE satisfying Assumptions 1 and 2,
define S as the set of trajectories in the sense of Assumption 2, which satisfy Equations (1)
to (4) but not necessarily Equation (5), and define M as the set of (x,µ,y) with x,µ con-
tinuously differentiable and finite derivative energy

∫︁∞
0 ∥ẋ(t)∥22 + ∥µ̇(t)∥22 dt < ∞. Then

S ∩M contains exactly one element (x∗,µ∗,y∗), and it is the unique trajectory that satis-
fies Equation (5).

PROOF. See Section C.

3. METHOD

In this section we first define our approximation class and present an algorithm for solv-
ing an underdetermined DAE, Equations (1) to (4), using ridgeless kernel regression. Af-
ter introducing kernel methods, Theorem 2 will show that a finite-norm solution is a
sufficient condition to satisfy the pointwise transversality requirement, so that any solu-
tion to the underdetermined kernel regression fulfills transversality. Finally, we establish
in Theorem 3 that the ridgeless kernel regression problem is consistent and therefore
asymptotically solves the full system Equations (1) to (5). Although intuitive, the result is
nontrivial because it requires demonstrating alignment and mathematical consistency
between the RKHS of the approximate solution, its derivatives, and the solution concept
of the DAE itself.

3.1 Kernel Method

Our algorithm models x(t), µ(t), and y(t), together with their derivatives, using kernel
machines, in which functions are expressed as weighted combinations of a kernel func-
tion centered at each data point, where the kernel encodes a notion of distance (Murphy,
2022). More specifically, our approximation ensures that the DAE is satisfied on some fi-
nite set of (possibly irregular) points D := {t1, . . . , tN}, which we refer to as the “training
data,” and selects, among the paths in the approximation class satisfying this condition,
one of minimum function norm. Because the method is non-parametric, the number
of parameters defining our approximation grows with the data. Given a kernel function
k(·, ·), our approximations take the form:

ˆ̇x(t) =
∑︁N
j=1α

x
j k(t, tj), ˆ̇µ(t) =

∑︁N
j=1α

µ
j k(t, tj),

ˆ̇y(t) =
∑︁N
j=1α

y
j k(t, tj),

x̂(t) = x0 +
∫︁ t
0
˙̂x(τ)dτ, µ̂(t) = µ̂0 +

∫︁ t
0
˙̂µ(τ)dτ, ŷ(t) = ŷ0 +

∫︁ t
0
˙̂y(τ)dτ,

(11)

where αxj , αµj , αyj , µ̂0, and ŷ0 are parameters fit to fulfill our DAE.14 We approximate
the time derivative and integrate to obtain the function values. While it is possible to
approximate the function itself, the benefits of this formulation are that the initial con-
dition x̂(0) = x0 is directly enforced, and extrapolation performance is significantly im-
proved.15

14For a given kernel, the integration in Equation (11) can be done in closed form or numerically, i.e.∫︁ t
0 k(τ, tj)dτ for each tj .

15For any fixed D, limt→∞ k(t, tj) = 0 implies limt→∞ ˆ̇µ(t) = limt→∞ ˆ̇x(t) = limt→∞ ˆ̇y(t) = 0.
For an integrable kernel, the level therefore converges to a finite constant learned from the fitted
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In this paper, we use a Matérn kernel for k(·, ·), with smoothness ν = 1
2 and length-

scale ℓ (see Definition 1 in Section B). The choice of the Matérn kernel family is driven
by theoretical considerations to formally align with the solution concept of the DAE, but
many other kernels (e.g., Gaussian kernels) have similar performance in practice, even
if they impose more smoothness than is strictly necessary.

Function Norms. Central to these methods is that the kernel function k(·, ·) has an
associated function space, its Reproducing Kernel Hilbert Space H, which provides an
inner product and an associated function norm. Moreover, the norm of functions in this
space can be calculated as a quadratic form of its coefficients. In particular, for the ap-
proximated ˆ̇x(t), ˆ̇µ(t), and ˆ̇y(t) in Equation (11), the squared norms are computed as
follows:

∥ˆ̇x(m)∥2H =

N∑︂
i=1

N∑︂
j=1

αx
(m)

i αx
(m)

j k(ti, tj), ∥ˆ̇µ(m)∥2H =

N∑︂
i=1

N∑︂
j=1

αµ
(m)

i αµ
(m)

j k(ti, tj),

∥ˆ̇y(p)∥2H =

N∑︂
i=1

N∑︂
j=1

αy
(p)

i αy
(p)

j k(ti, tj),

(12)
where superscript (m) or (p) denotes the coefficients corresponding to the m-th state or

co-state variable or the p-th jump variable. For instance, αx
(m)

i is the i-th element of the
learnable coefficients for the m-th state variable.

The subscript H denotes the RKHS associated with the kernel k(·, ·). The RKHS norm
∥ · ∥H measures the complexity of a function in a way determined by k and is used to
control the smoothness of the approximating functions. For more details, see Schölkopf
and Smola (2002, Chapters 2 & 4). In the case of Matérn kernels, as will be discussed later,
this norm has a concrete smoothness interpretation: it directly controls the magnitude
of the function’s derivatives up to a certain order.

Ridgeless Kernel Regression. Kernel methods are tailored to solve empirical risk mini-
mization (ERM) style objectives in this function space, such as minh∈H{

∑︁N
i=1Φ(h(ti))+

λ||h||2H} for some loss Φ(·) and regularization parameter λ > 0. The Representer The-
orem shows that every minimizer has the form h(t) =

∑︁N
j=1αjk(t, tj) for some αj ∈ R

(Schölkopf et al., 2001, Schölkopf and Smola, 2002), with norm ∥h∥2H =
∑︁N
i=1

∑︁N
j=1αiαj k(ti, tj).

Furthermore, for a continuous nonnegative loss that admits zero-loss interpolants, as
λ → 0 the minimizers approach (along some subsequence) those of the minimum-
norm interpolation problem minh∈H ||h||2H s.t. Φ(h(ti)) = 0 for all ti ∈ D (see Liang and
Rakhlin, 2020, Hastie et al., 2022, for least squares); Section A proves this for our prob-
lem. In our problem the constraints also involve integrals of the derivatives and the
whole path, so Equation (11) is a finite-dimensional approximation class rather than
the representer form of the minimizer.

coefficients. In particular, the Matérn-1/2 kernel k(t, t′) = σ2e−|t−t′|/ℓ gives limt→∞ µ̂(t) = µ̂0 +

σ2ℓ
∑︁N

j=1α
µ
j

(︂
2− e−tj/ℓ

)︂
, which is generally not µ̂0. Alternatively, if the function itself were approxi-

mated without an intercept, then limt→∞ µ̂(t) = 0. That said, given that our goal is to solve for only short-
and medium-run behavior, approximating the function itself often works in practice.
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In our problem, the loss will interpolate the system of equations in Equations (1)
to (4) and minimize the sum of RKHS norms of the approximating functions. The un-
knowns are the derivatives ˆ̇x, ˆ̇µ, ˆ̇y, each component of which lies in H, and the initial
values µ̂0 ∈RM , ŷ0 ∈RP , with x̂, µ̂, ŷ recovered by integration as in Equation (11):

min
ˆ̇x,ˆ̇µ,ˆ̇y,µ̂0,ŷ0

(︂∑︁M
m=1 ∥ˆ̇x(m)∥2H +

∑︁M
m=1 ∥ˆ̇µ(m)∥2H +

∑︁P
p=1 ∥ˆ̇y(p)∥2H

)︂
(13)

s.t. ˆ̇x(ti) = F (x̂(ti), µ̂(ti), ŷ(ti)), for all ti ∈D

ˆ̇µ(ti) = rµ̂(ti)− µ̂(ti)⊙G(x̂(ti), µ̂(ti), ŷ(ti)), for all ti ∈D

0=H(x̂(ti), µ̂(ti), ŷ(ti)), for all ti ∈D

(x̂(t), µ̂(t), ŷ(t)) ∈ B for all t≥ 0, (⋆)

where B⊂V is the box of Assumption 2(iii), which contains the solution. The constraint
(⋆) is a technical device for Theorem 3: it keeps every feasible path in the domain of F , G,
H , where Assumption 1 applies, and it is the only place where Assumption 2(iii) enters.
Our implementations do not impose it. If a global minimizer of the problem without (⋆),
over the same function class, lies in B, then it also solves the problem with (⋆) imposed.
We formally prove in Section E (Lemma 7) that a solution to Equation (13) exists for any
D = {t1, . . . , tN}.

Implementation. We parameterize the derivatives by Equation (11), a finite-dimensional
subspace of H with norms given by Equation (12), which restricts Equation (13) to a
finite-dimensional problem in the coefficients and initial values. The algorithm does
not solve the constrained problem Equation (13) directly. It minimizes the ridge ob-
jective, the residuals plus a small multiple λ of the squared norms, with continuation
of λ toward zero where needed, as described in Section A. The constrained problem is
the object of the theory, and the ridge problem is what we compute. Proposition 1 in
Section A gives the connection between the two.16 As a robustness check, for selected
models we also solve the constrained problem in Equation (13) directly with a general
nonlinear solver.17

Intuitively, minimizing Equation (13) finds the path with the minimum RKHS norm
among all interpolating paths in B. Next we need to show why this minimum-norm so-
lution will be the one which fulfills transversality.

16The primary computational tradeoff for kernel methods is that they require pairwise evaluation across
all of the data (i.e., k(ti, tj) for all i, j), and an out-of-data function evaluation requires evaluating k(t, ti) for
all data. Computational methods can solve these challenges in practice for up to millions of observations
(Gardner et al., 2018, Wang et al., 2019), but as with all non-parametric methods it eventually becomes
a limitation. This scaling limitation is generally less pressing in economic research than in production ML
systems in industry. Another consideration is that while in our current applications it is essential, the strong
dependence of solutions on the RKHS norms may or may not be a benefit if the solution concept of the
underlying problem is poorly aligned with the RKHS induced by the kernel.

17We use https://github.com/cvanaret/Uno, which is a second-order interior-point method. However,
this direct approach forms and factorizes the exact Hessian of the Lagrangian, which scales poorly with N .

https://github.com/cvanaret/Uno
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3.2 Transversality

While it is intuitive that a minimum-norm solution is sufficient to enforce transversal-
ity, we need to proceed cautiously to relate the norms of the DAE solution concept to
those of the RKHS. While many different kernels, and associated norms, could be used
in practice, we will emphasize Matérn kernels due to their formal connection to Sobolev
spaces.

Matérn kernels. For functions on [0,∞), the RKHS of the Matérn kernel with ν = 1/2

is the Sobolev space W1,2, with norms that are equivalent up to constants depending
only on the lengthscale ℓ (Theorem 4 in Section B). Thus, modelling the derivatives
with the ν = 1/2 Matérn kernel places them in W1,2, and the RKHS norm in Equa-
tion (13) controls the W1,2 norm of the derivatives. We are assuming more curvature
than is strictly necessary, given that the solution concept of the DAE only requires a first
derivative. However, controlling the W1,2 norm of the derivatives is sufficient to ensure
transversality, as we will now show.

Given that Equation (5) is expressed in terms of the product x(t)⊙µ(t), while Equa-
tion (13) and the Representer Theorems are written in terms of function norms, we first
need to show how penalized norms are sufficient to control x(t) ⊙ µ(t) globally, and
consequently bound the pointwise transversality condition.

THEOREM 2 (Bounding with Norms). Let H be the Matérn RKHS with ν = 1
2 and length-

scale ℓ > 0 on [0,∞), let ẋ(m), µ̇(m) ∈ H for every m = 1, . . . ,M , and let x(t) = x(0) +∫︁ t
0 ẋ(τ)dτ and µ(t) =µ(0) +

∫︁ t
0 µ̇(τ)dτ for finite initial values x(0),µ(0) ∈RM . Then

lim
t→∞

e−rtx(t)⊙µ(t) = 0;

that is, (x,µ) satisfies the asymptotic boundary condition Equation (5).

PROOF. See Section D.

This theorem applies in particular to the approximations in Equation (11), and
shows that finite RKHS norms of the derivatives are enough to deliver the asymptotic
boundary condition Equation (5). Intuitively, controlling the sum of the RKHS norms of
the derivatives rules out exponentially explosive paths.

To reiterate, a finite norm of the approximated derivatives is sufficient for transver-
sality and aligns with the underlying Sobolev norm of the solution concept of the DAE.
While we have assumed more smoothness than is strictly necessary, this is not a signifi-
cant limitation in practice as we demonstrate in Section 4.18

18However, this also shows where these methods might break down or where consistency proofs along
the lines of Theorem 3 are more challenging. For example, in cases where the solution lacks the smoothness
required by Assumption 2(ii), or where the level of the function rather than just its derivatives is essential
for selecting the trajectory fulfilling Equation (5).
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3.3 Consistency

While Theorems 1 and 2 show that finite derivative norms single out the trajectory ful-
filling Equation (5), we need to show that our kernel solution minimizing Equation (13)
approximates the true solution despite only satisfying the DAE on a finite number of
points. To that end, we demonstrate that our approximation is a consistent estimator of
the true solution.

THEOREM 3 (Consistency). Suppose Assumptions 1 and 2 hold, and let (x̂N , µ̂N , ŷN ) be
any solution of Equation (13), with H the Matérn RKHS with ν = 1

2 and lengthscale ℓ > 0

on [0,∞), for the points D = {t1, . . . , tN}, drawn i.i.d. from a distribution π on [0,∞) with
a strictly positive density and finite second moment. Then

limN→∞(x̂N , µ̂N , ŷN )
a.s.
= (x∗,µ∗,y∗),

where (x∗,µ∗,y∗) is the unique trajectory satisfying Equation (5) (Assumption 2), and the
convergence is uniform on compact subsets of [0,∞).

PROOF. See Section E.

Theorem 3 is stated for a minimizer over the whole RKHS and for collocation points
drawn i.i.d. from π, while our implementations restrict the derivatives to the finite-
dimensional class Equation (11) and use fixed time grids.

Though this proof borrows techniques from the statistical learning literature on ker-
nel methods (e.g., Wainwright, 2019), it is nontrivial for several reasons. First, we need
to show that a solution to Equation (13) exists and that the true solution satisfies its con-
straints. Second, we need to prove that uniform convergence of derivatives on compact
sets implies the same for the DAE solution functions themselves. Given these results, we
can be confident that with enough data, the empirical solutions x̂N , µ̂N , ŷN will (ap-
proximately) fulfill Equations (1) to (5), with eventual convergence to the true solution
satisfying the transversality condition.

4. RESULTS

We solve two standard baselines in dynamic economics: the neoclassical growth model
in Section 4.1, and a model of risk-neutral asset pricing in Section 4.3. These problems
are chosen because they are standard examples in textbooks (e.g., Ljungqvist and Sar-
gent, 2018), they admit reference solutions from classical methods, and they have estab-
lished results regarding the set of solutions to the ill-posed versions without the asymp-
totic boundary conditions.

In Section 4.2, we present a case with multiple steady states, a challenging setting
where our methods are particularly useful. In Section 4.4, we solve a small open econ-
omy model with a continuum of steady states indexed by initial conditions. In Sec-
tion 4.5, we close the model with N countries trading a single bond, so that the world
interest rate is determined endogenously.
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In all cases, we use a Matérn kernel with ν = 1
2 and σ = 1 (see Definition 1), with

lengthscale ℓ = 10 and D := {0,1,2, . . . ,40} unless noted otherwise in the example.
Where possible we compare the relative errors of a kernel solution to a benchmark ob-

tained with classic methods, e.g., εw(t) :=
⃓⃓⃓
ŵ(t)−w(t)

w(t)

⃓⃓⃓
with corresponding definitions for

the other variables. All baseline cases are solved with the solvers of Section 3 and execute
in less than a second.

4.1 Neoclassical Growth Model

In this section, we solve the neoclassical growth model (also known as the Ram-
sey–Cass–Koopmans model) summarized by Equations (6) to (10), generalized from log

to constant relative risk aversion (CRRA) utility: the flow utility is y1−γ−1
1−γ , so the alge-

braic condition Equation (8) becomes 0 = µ(t)y(t)γ − 1, with γ = 1 recovering the log
case. Our baseline parameters map the annual calibration of Aruoba et al. (2006): a= 1

3 ,
γ = 2 (their τ ), r = −4 log(0.9896) ≈ 0.042 from their quarterly discount factor, δ = 0.1

(the annual analogue of the quarterly 0.025 in King and Rebelo, 1999), f(x) = xa, and
x0 = 1.0. Because the lower discount rate slows convergence to the steady state, this ex-
ample trains on D = {0,1, . . . ,100} and tests on [0,110].

Assumption verification. The primitives are continuously differentiable on the posi-
tive orthant, and the saddle path to the unique interior steady state is the unique trajec-
tory satisfying Equation (10), with exponentially decaying derivatives (Acemoglu, 2008),
so Assumptions 1 and 2 hold.

Results. Figure 1 shows the consumption and capital relative to a benchmark.19 The
kernel approximation recovers the optimal solution almost perfectly, fulfilling Equa-
tion (10) despite not being provided the steady state as a boundary condition.

The vertical dotted lines mark the end of the training set. While not our primary goal,
the solution method extrapolates accurately, allowing it to learn the steady state. As dis-
cussed in Section 3, this is possible because we approximate the derivatives rather than
the functions themselves: the Matérn derivative basis decays to zero, so the extrapolated
level flattens toward a finite constant learned from the DAE.

For this model, any trajectory that violates transversality has a divergent derivative
seminorm (Theorem 1), while the optimal solution’s seminorm is finite. Because this di-
vergence is the key failure of transversality, no modification to the optimization problem
Equation (13) was required in practice.20

Robustness. While Theorem 3 demonstrates consistency, it is helpful to check our
methods’ sensitivity to hyperparameters and features of D. Supplemental Appendix Sec-
tion 2.1 shows that our methods perform well with a much sparser and irregular D, and
Supplemental Appendix Section 2.2 indicates low sensitivity to different kernel hyper-
parameters. Supplemental Appendix Section 2.3 demonstrates that the approximation

19The benchmark solves the model as a mixed initial-boundary value problem, using the analytically
calculated steady state as a boundary condition, as discussed in Section 2.

20In general, as problems get larger, it is helpful to add non-negativity or box-bounding constraints
from Assumption 2 to the optimization problem minimizing Equation (13). While these will often be non-
binding in the optimal solution, they can help optimizers converge.
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FIGURE 1. Solution of the neoclassical growth model (Equations (6) to (9)) without imposing the
transversality condition (Equation (10)). The vertical dotted lines mark the end of the training
set. The top panels show the results for capital, x(t), and its relative error, and the bottom two
show results for consumption, y(t). The relative errors are low, on the order of 0.02% on average
and below 0.31% everywhere, even when extrapolating beyond D. Median computation time:
0.136 seconds.

remains effective in the short to medium term, even if D does not contain large time
values, which correspond to the solution getting very close to the steady state. This is an
important consideration for problems where the convergence rate is unknown and the
appropriate choice of T is not clear a priori. Finally, Supplemental Appendix Section 2.4
shows how to solve models on a balanced growth path in levels, without detrending, by
rescaling the approximation class with a learned balanced-growth parameter. The algo-
rithm estimates the growth factor effectively, since the correct growth rate leads to the
smallest RKHS norm of the detrended function.

4.2 Neoclassical Growth Model with Multiple Steady States

We now turn to a more complex version of the neoclassical growth model where f(x) :=

Amax{xa, b1xa− b2}, as in Azariadis and Drazen (1990), Skiba (1978) where A= 0.5, b1 =

3.0, and b2 = 2.5. This example keeps log utility (γ = 1) with a= 1
3 , δ = 0.1, and r = 0.11.

The derivative of the production function, f ′(x), has a jump discontinuity at the kink

x̄=
(︂

b2
b1−1

)︂ 1
a

, where we evaluate Equation (7) with the derivative of the attaining branch.

As a result, this problem has two steady states, one on each smooth branch. Away from
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the Skiba indifference point separating their basins, where the planner is indifferent be-
tween two optimal paths, there is a unique optimal transition path for any given initial
condition.

Assumption verification. Assumption 1 fails at the kink, and Assumption 2(i) fails
because the same x0 can have a candidate path toward each steady state (Supplemental
Appendix Section 1.1). Both hold locally around each steady state, and we show that the
method works in practice.

This poses a significant challenge for classical algorithms, such as shooting and
boundary value problem (BVP) methods, because the algorithms rely on analytic char-
acterization of the steady-state value to impose the correct boundary value for a par-
ticular initial condition x0. In practice, the set of steady states and the partitioning of
the initial conditions into domains of attraction are not known a priori and are rarely
computed outside of simple problems.
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FIGURE 2. Solution of the neoclassical growth model (Equations (6) to (9)) with multiple steady
states due to the concave-convex production function in Section 4.2. The left panel shows the so-
lution trajectories for capital, x(t), for 70 different initial conditions x0 ∈ [0.5,4]. The right panel
shows the solution trajectories for consumption, y(t). Median computation time per initial con-
dition: 0.0021 seconds.

Results. Figure 2 shows the results using Matérn kernels for 70 different initial con-
ditions across the basins of attraction for the two steady states.

In this case there is an additional concern that an approximate solution might jump
into a different basin of attraction and go to the wrong steady state. While possible, we
found that all of the examples converge to the “correct” steady state, i.e., the steady state
that corresponds to the supplied initial condition x0, despite not being provided the set
of steady states or their basins of attraction.
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Intuitively, this behavior is also a consequence of the minimum-norm solution. Con-
sider the two possible trajectories from x0 to each of the two steady states: the trajectory
with smaller gradients and less steep dynamics will have a smaller norm.

4.3 Linear Asset Pricing

Models of asset pricing and rational bubbles are relatively simple and often admit
closed-form solutions. These models have traditionally served a pedagogical role in ex-
ploring transversality conditions (see, e.g., Ljungqvist and Sargent, 2018). In this context,
the transversality condition is also referred to as the “no-bubble” condition.21

Model. The model values a stream of dividends, where a “bubble” is defined as the
residual after calculating the present-discounted value of the dividends.

Let x(t) ∈ R++ be the flow payoffs from a claim to an asset, and µ(t) ∈ R++ be the
price of a claim to that asset. For simplicity, we assume that the flow payoffs, x(t), follow
a deterministic linear process. For a given x0, the key equations are

ẋ(t) = c+ gx(t), (14)

µ̇(t) = rµ(t)− x(t) = rµ(t)− µ(t)
x(t)

µ(t)⏞⏟⏟⏞
:=G(x(t),µ(t))

, (15)

0 = lim
t→∞

e−rtµ(t)x(t), (16)

where c and g are constants governing the dividend process, and r > 0 denotes the dis-
count rate of a risk-neutral investor. Equation (16) instantiates the asymptotic bound-
ary condition Equation (5) for this model. The standard “no-bubble” condition is
limt→∞ e−rtµ(t) = 0. Because the dividend converges to −c/g > 0 in our parameteri-
zation, the two conditions select the same solution, and we refer to Equation (16) as the
no-bubble condition.22

The set of trajectories satisfying Equations (14) and (15), without imposing Equa-
tion (16), can be found analytically for r > g and g ̸= 0:

µ(t) = µf (t) + ζert, (17)

µf (t) :=
∫︁∞
0 e−rτx(t+ τ)dτ =− c

rg +
1

r− g

(︂
x0 +

c
g

)︂
egt, (18)

where µf (t) is interpreted as the “fundamental” price of the asset, and ζ ≥ 0 is indeter-
minate. However, when the “no-bubble" condition (i.e., Equation (16)) is imposed, this
problem is well-posed, with a unique solution of µ(t) = µf (t) (i.e., ζ = 0).

Assumption verification. The primitives are smooth on the positive orthant, and by
Equation (17) µf is the unique trajectory satisfying Equation (16), with exponentially
decaying derivatives since g < 0, so Assumptions 1 and 2 hold.

21For asset pricing models, see Blanchard and Watson (1982), Diba and Grossman (1988), which charac-
terize the set of solutions not fulfilling transversality and connect them to economic bubbles.

22The product form is not equivalent in general: if x(t) → 0 (e.g., c = 0 and g < 0), every bubble ζert

satisfies Equation (16) while violating limt→∞ e−rtµ(t) = 0.
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FIGURE 3. Solution of the linear asset pricing model (Equations (14) and (15)) without imposing
the “no-bubble” condition (Equation (16)). The vertical dotted lines mark the end of the training
set. Median computation time: 0.0599 seconds.

Selecting the “no-bubble” solution. This is an example where the result of Theorem 1
can be seen clearly. Equation (17) gives, in closed form, every trajectory that fails Equa-
tion (16), indexed by ζ > 0 through a bubble ζert. Its derivative ζrert has W1,2([0, T ])

norm growing like erT , so the seminorm diverges for any bubble.
Results. Our baseline parameters are x0 = 0.01, c = 0.02, g = −0.2, and r = 0.1. Fig-

ure 3 shows the results of the ridgeless kernel machine alongside the fundamental
price from Equation (18). Even without imposing the long-run “no-bubble” condition
in Equation (16), the kernel method recovers the “fundamental" price with high accu-
racy. As before, minimizing the norm still selects the correct solution, and as T grows the
norms of non-solutions will grow due to Theorem 1.

4.4 Small Open Economy

Building on the growth model, we next solve a continuous-time small open economy
in which capital accumulation can be financed through an internationally traded bond,
adapting the capital-installation technology of Ravikumar et al. (2019) to continuous
time. The closest continuous-time antecedent is Turnovsky and Sen (1991). With a fixed
world interest rate, the model deliberately lacks an isolated steady state: the long-run
net foreign asset position inherits its initial condition (Schmitt-Grohé and Uribe, 2003).
Rather than closing the model with a stationarity-inducing device (e.g., a debt-elastic
interest premium), we retain the continuum of steady states, so no terminal state can be
computed from primitives before solving for the transition path.

Model. In the notation of Equations (1) to (5) there are M = 2 states and co-states
and P = 2 jump variables. The states are capital, x1(t) ∈ R++, and net foreign assets,
x2(t) ∈ R, which earn a fixed world interest rate r⋆ and may take either sign (nega-
tive values are external debt). The co-states are the marginal value of installed capital,
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µ1(t) ∈R++, and the marginal value of wealth, µ2(t) ∈R++. The jump variables are con-
sumption, y1(t) ∈ R++, and investment expenditure, y2(t) ∈ R++. The household has

CRRA flow utility
y1−γ
1 −1
1−γ with discount rate r, production is f(x1) = xa1 , and investment

is installed through the concave technology χyη2 x
1−η
1 with η ∈ (0,1) and χ := δ1−η , nor-

malized so that steady-state investment expenditure equals replacement, y⋆2 = δx⋆1.23

Written in our notation, the DAE is

ẋ1(t) = χy2(t)
η x1(t)

1−η − δx1(t) := F1(x(t),µ(t),y(t)) (19)

ẋ2(t) = r⋆x2(t) + f (x1(t))− y1(t)− y2(t) := F2(x(t),µ(t),y(t)) (20)

µ̇1(t) = rµ1(t)− µ1(t)

[︃
(1− η)χ

(︃
y2(t)

x1(t)

)︃η
− δ+

µ2(t)

µ1(t)
f ′ (x1(t))

]︃
⏞ ⏟⏟ ⏞

:=G1(x(t),µ(t),y(t))

(21)

µ̇2(t) = rµ2(t)− µ2(t) r⋆⏞⏟⏟⏞
:=G2(x(t),µ(t),y(t))

(22)

0 = µ2(t)y1(t)
γ − 1 :=H1(x(t),µ(t),y(t)) (23)

0 = η χµ1(t)

(︃
y2(t)

x1(t)

)︃η−1

− µ2(t) :=H2(x(t),µ(t),y(t)) (24)

x1(0) = k0, x2(0) = b0 (25)

0= lim
t→∞

e−rtx(t)⊙µ(t) (26)

Equations (19) to (22) are differential and Equations (23) and (24) are algebraic. The ratio
q(t) := µ1(t)/µ2(t) is the shadow value of installed capital in consumption units (Tobin’s
q), and Equation (24) makes the investment rate an algebraic function of it, y2(t)/x1(t) =

(ηχq(t))
1

1−η . The asset component of Equation (26), limt→∞ e−rtµ2(t)x2(t) = 0, com-
bines the no-Ponzi and transversality restrictions on foreign borrowing.

Assumption verification. The primitives are continuously differentiable for positive
capital, co-states, and jump variables, and the continuum of steady states below is hys-
teresis rather than multiplicity of the trajectory (Supplemental Appendix Section 1.1), so
Assumptions 1 and 2 hold.24

We solve an equivalent reduced system of Equations (19) to (24). Inverting Equa-
tion (24) for the investment rate eliminates that row, and the co-states enter the remain-
ing equations only through q(t) and µ2(t), leaving four differential equations and the
single algebraic condition Equation (23) in the paths (x1, x2, q, µ2, y1). All five paths are

23The derivation follows the household problem max
∫︁∞
0 e−rt y1(t)

1−γ−1
1−γ

dt subject to Equations (19)

and (20), with Hamiltonian
y1−γ
1 −1

1−γ
+ µ2 [r⋆x2 + f(x1)− y1 − y2] + µ1

[︂
χyη2x

1−η
1 − δx1

]︂
. The DAE fol-

lows from applying Pontryagin’s Maximum Principle, as in the neoclassical growth model of Section 2. The
installation technology is the continuous-time analogue of the one in Ravikumar et al. (2019).

24Net foreign assets can be negative, but they take a constant sign for all t > T0, so the change of variables
noted in Section 2 applies and our results carry over.
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FIGURE 4. Solution of the small open economy model (Equations (19) to (25)) without imposing
the transversality conditions (Equation (26)), for three initial net foreign asset (NFA) positions
b0. Capital, the installed-capital value q(t), investment, and the current account coincide across
the three cases. Consumption is flat at a different permanent level for each b0. The net foreign
asset paths shift in parallel toward different long-run positions, each a point on the continuum
of steady states characterized by Supplemental Appendix Equation (S2). Median computation
time for the baseline: 0.161 seconds.

represented in levels. Positivity of x1, q, µ2, and y1 is not imposed and holds ex post at
the solution.

Our baseline sets r⋆ = r, so steady-state capital is unique while the long-run asset
position is indexed by its initial condition: a continuum of steady states, with flat con-
sumption along every transition. Supplemental Appendix Section 3 derives the steady
states and the exact comparative statics in b0 that the results below check.
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Results. Our baseline parameters follow the annual calibration of Ravikumar et al.
(2019): a= 0.33, γ = 2, η = 0.76, r =− log(0.96)≈ 0.041, δ =− log(0.94)≈ 0.062, and r⋆ =

r, with k0 = 1 and initial net foreign assets b0 ∈ {−0.84, 0, 0.84} ≈
{︁
−1

2f(x
⋆
1), 0,

1
2f(x

⋆
1)
}︁

.
These are initial debt, a zero initial position, and initial assets.25 Figure 4 shows the ker-
nel solutions for the three initial positions. The paths recover an independent bench-
mark with a maximum error of 1.22 × 10−3: relative errors of 2.38 × 10−4 for capital,
2.77×10−4 for q, and 2.53×10−5 for consumption, and 1.22×10−3 for net foreign assets
measured relative to steady-state output, since x2(t) changes sign and has no mean-
ingful relative error.26 The solutions display the exact comparative statics of the model
derived in Supplemental Appendix Section 3. Capital, q(t), and investment are identical
across the three cases to 1.9× 10−13, and the current account to 2.02× 10−8. Consump-
tion differs across them by r⋆∆b0 to 4.03× 10−9. The net foreign asset paths are parallel,
∆x2(t) = ∆b0 to 4.17 × 10−7, converging to permanently different long-run positions.
Flat consumption is a sharp check on the correctness of the solution. With r⋆ = r, Equa-
tions (22) and (23) require perfect consumption smoothing, so any curvature in y1(t)

would signal an error. It is flat as an outcome rather than a restriction. y1 is an unre-
stricted path in the approximation class, and the minimum-norm solution drives its fit-
ted RKHS norm to 3.8× 10−14, with maxt |y1(t)− y1(0)|= 1.72× 10−8. No transversality,
no-Ponzi, steady-state, or other terminal condition was imposed. The minimum-norm
solution selects the path fulfilling Equation (26) separately for each initial condition,
even though the terminal asset position differs in every case.

4.5 Multicountry Growth with an Endogenous World Interest Rate

Our final example expands the small open economy of Section 4.4 to a multi-country
growth model with interest rates determined in equilibrium, and transition dynamics
generated by heterogeneity in both the capital and bond initial positions. Consider N

countries with fixed populations Li that trade a single bond, so the world interest rate
becomes an endogenous algebraic path rather than a fixed parameter.27 Supplemental
Appendix Section 4 derives the model from the household problem and states the re-
duced system that is solved, while this section states the equations and reports results.

Model. Each country i = 1, . . . ,N has the same technology and discount rate as in
Section 4.4, with output scaled by a country productivity zi > 0, equal to one in the
baseline, flow utility with country-specific CRRA coefficient γi, and per-worker states,
co-states, and jump variables

(︁
x1,i, x2,i, µ1,i, µ2,i, y1,i, y2,i

)︁
∈ R++ × R × R4

++. Relative

25This example uses a longer horizon than the baseline examples: with the Matérn kernel ν = 1
2

and
σ = 1, D contains 192 points on [0,160], concentrated at early dates (177 equally spaced on [0,40] and 15
equally spaced on (40,160]), with lengthscale ℓ= 20, tested on 201 points in [0,50].

26The benchmark solves a joint boundary value problem for (x1, q, x2) with initial consumption y1(0) as
an unknown parameter, imposing x1(0) = k0, x2(0) = b0, a log-linearized stable-manifold terminal con-
dition for q, and a finite-horizon version of the intertemporal budget constraint Supplemental Appendix
Equation (S3) with a tail correction along that stable arm.

27The closest continuous-time version of this is Alvarez (2017), which imposes continuously balanced
trade. Here countries borrow and lend, which preserves the initial-asset history dependence of the small
open economy, and Ravikumar et al. (2019) remains the target calibration.
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to the small open-economy model, the fixed rate r⋆ is replaced by a world interest rate
r⋆(t), which is an additional jump variable. In the notation of Equations (1) to (5) there
are M = 2N states and co-states and P = 2N + 1 jump variables. For each i,

ẋ1,i(t) = χy2,i(t)
η x1,i(t)

1−η − δx1,i(t) (27)

ẋ2,i(t) = r⋆(t)x2,i(t) + zif
(︁
x1,i(t)

)︁
− y1,i(t)− y2,i(t) (28)

µ̇1,i(t) = rµ1,i(t)− µ1,i(t)

[︃
(1− η)χ

(︃
y2,i(t)

x1,i(t)

)︃η
− δ+

µ2,i(t)

µ1,i(t)
zif

′ (︁x1,i(t))︁]︃ (29)

µ̇2,i(t) = rµ2,i(t)− µ2,i(t) r
⋆(t) (30)

0 = µ2,i(t)y1,i(t)
γi − 1 (31)

0 = η χµ1,i(t)

(︃
y2,i(t)

x1,i(t)

)︃η−1

− µ2,i(t) (32)

and the world bond market clears,

0 =

N∑︂
i=1

Li x2,i(t), (33)

which closes the algebraic block. The initial conditions and asymptotic boundary con-
ditions are

x1,i(0) = ki,0, x2,i(0) = bi,0 with
N∑︂
i=1

Li bi,0 = 0, (34)

0= lim
t→∞

e−rtx(t)⊙µ(t). (35)

Supplemental Appendix Section 4.1 derives these equations from the household prob-
lem and market clearing.28

Assumption verification. The primitives are continuously differentiable for positive
capital, co-states, and jump variables, so Assumption 1 holds. Unlike the previous ex-
amples, no algebraic equation determines the world interest rate r⋆(t) at an instant. See
Supplemental Appendix Section 1 for uniqueness in this case and Supplemental Ap-
pendix Section 4.2 for the model reduction that resolves it. The continuum of steady
states is hysteresis as in Section 4.4, and we show that the method works in practice.

As in Section 4.4, we solve an equivalent reduced system of these equations in the
paths

(︁
x1,i, x2,i, qi, µ2,i, y1,i, r

⋆
)︁

, where qi := µ1,i/µ2,i is Tobin’s q, the value of installed
capital in consumption units (see Supplemental Appendix Section 4.2). A steady state
requires r⋆ = r from Equation (30), so every country has the same steady-state capital,

28Summing the budget constraints Equation (28) weighted by Li gives Ḃ(t) = r⋆(t)B(t) + S(t)

for the aggregate bond position B :=
∑︁

iLix2,i and the world excess supply of goods S :=∑︁
iLi

[︁
zif

(︁
x1,i

)︁
− y1,i − y2,i

]︁
. Given B(0) = 0, bond-market clearing and goods-market clearing are

equivalent, and only one is an independent restriction: this is Walras’s law for this economy (Supplemental
Appendix Section 4.2).
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Supplemental Appendix Equation (S1), while the long-run cross-country asset distribu-
tion is restricted only by clearing: the continuum of steady states in consumption and
bond holdings is similar to that of the small open economy, except with dimension N−1

(Supplemental Appendix Section 4.3).
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FIGURE 5. Solution of the two-country world economy (Equations (27) to (34)) without impos-
ing the transversality conditions (Equation (35)), for three configurations of opposite initial net
foreign assets (solid: country 1, dashed: country 2). The world interest rate is high while the cap-
ital-scarce world accumulates and converges to r from above. Net foreign asset paths are mirror
images by market clearing and converge to permanently different long-run distributions across
the three configurations. Median computation time for the baseline: 0.768 seconds.

Results. The baseline has N = 2 countries with L1 = L2 = 1, a common curvature
γi = γ = 2, and the calibration of Section 4.4, differing only in their initial conditions.
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Initial capital stocks are drawn once from a log-normal distribution around the initial

condition of Section 4.4, logki,0 ∼N
(︁
0,0.252

)︁
, and are shared by all three configurations

below. The draw is (k1,0, k2,0) ≈ (1.60,0.81). The initial bond positions vary across con-

figurations, with (b1,0, b2,0) approximately (−0.84,0.84), (−0.19,0.19), or (0.84,−0.84). By

the aggregation result of Supplemental Appendix Section 4.3, the bond configuration is

immaterial for the world rate and the capital paths under the common γ, though not for

consumption or the asset paths.29

Figure 5 shows the kernel solutions. Across the three configurations, training resid-

uals are below 3.12× 10−6 and bond-market clearing holds to 1.79× 10−6 over the full

training horizon. The world interest rate starts near 13% and declines to r as both coun-

tries accumulate capital toward the common x⋆1, while the three initial bond configura-

tions produce permanently different long-run creditor positions. This is the N -country

analogue of the history dependence of the small open economy.

By the aggregation result of Supplemental Appendix Section 4.3, under a common γ

the paths of the world rate, capital, and qi are invariant to the initial bond distribution.

On the plotted interval [0,50], the largest cross-configuration gaps are 1.16×10−4 for the

rate, 5.08× 10−7 for capital, and 1.94× 10−5 for q.

Scaling in the number of countries. To show how the method scales, Figure 6 reports

computation times as N grows, drawing populations, productivities, and initial condi-

tions at each N and comparing two linear solvers for the same problem and solver (Perla,

2026): a dense factorization, and an iterative method using the conjugate gradient (CG)

linear solver with a specialized preconditioner designed to take advantage of the eco-

nomic structure of the problem (see Supplemental Appendix Section 4.4 for details).

The problem scales well. At N = 100, the reduced system has 5N + 1 = 501 equations

and the discretized system on the 192 collocation points has 96,192 residual equations

in 96,493 unknowns. The dense factorization takes 47.6 seconds at N = 10, while the pre-

conditioned CG solver takes 3.62 seconds at N = 10 and 55.7 seconds at N = 100, with

cost growing roughly linearly in N . Every solution satisfies the same maximum training-

residual tolerance of 10−5.

29The training grid has 192 points on [0,160], concentrated at early dates (177 equally spaced on [0,40]

and 15 equally spaced on (40,160]), and we use a Matérn kernel with ν = 1
2

and lengthscale ℓ= 20.
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FIGURE 6. Computation time of the multicountry model against the number of countries N

(log–log, double precision), using a Matérn-1/2 kernel with ℓ= 20 and drawing country popula-
tions, productivities, and initial conditions at every width. Each point is the median of two warm
solves, timing the solver call alone. The dense solver is reported through N = 10, and the pre-
conditioned CG solver of Supplemental Appendix Section 4.4 through N = 100, with a median
computation time of 55.7 seconds at that size. Both solvers use the same settings and return ac-
cepted solutions wherever both are reported.

5. STATE SPACE FORMULATIONS

In this section we present a recursive and stochastic state-space formulation of this class
of models. Supplemental Appendix Section 5 works through the examples, and Section 6
suggests future research expanding the theory in Section 3 to this class of models.

5.1 Setup

The mathematical problem. Let x(t) ∈ RM be the state and W (t) a standard M -
dimensional Brownian motion on a filtered probability space. The first Mz ≥ 0 com-
ponents of x, denoted xz , are exogenous. The remaining M −Mz , denoted xe, are en-
dogenous. The unknowns are now functions of the state rather than of time: a co-state
function µ : Ω → RM−Mz , one per endogenous state, and a policy y : Ω → RP for the
jump variables, defined on a region Ω⊆RM of the state space.30 Given these functions,
the stochastic state-space formulation of the problem, written as a system of stochastic
differential equations (SDEs), is

dx(t) = F
(︁
x(t),µ(x(t)),y(x(t))

)︁
dt+B

(︁
x(t),µ(x(t)),y(x(t))

)︁
dW (t), (36)

dµ(x(t)) =
[︂
rµ(x(t))−µ(x(t))⊙G

(︁
x(t),µ(x(t)),y(x(t))

)︁]︂
dt

30This informal treatment omits the regularity conditions that a consistency proof would require, and
the full set is not known. They include sufficient smoothness of µ to evaluate Equation (42) pointwise when
B ̸= 0, and conditions beyond Assumption 1 for a unique global strong solution that remains in Ω with
sufficient integrability for the expectation in Equation (40). Identifying them is a research agenda of its own
(see Section 6).
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+∇µ(x(t))B
(︁
x(t),µ(x(t)),y(x(t))

)︁
dW (t), (37)

0=H
(︁
x(t),µ(x(t)),y(x(t))

)︁
, (38)

x(0) = x0, (39)

0= lim
t→∞

E
[︁
e−rtxe(t)⊙µ(x(t))

⃓⃓
x0

]︁
for every x0 ∈Ω, (40)

where F , G, and H are those of Equations (1) to (3) and the transversality condition
Equation (40) is now an expectation over the Brownian motion W (t). The only addi-
tional primitive is the volatility matrix B : RM × RM−Mz × RP → RM×M , and ∇µ is
the Jacobian of µ. As in Section 2, only the state carries an initial condition, and Equa-
tion (40) enforces an asymptotic boundary condition on µ(x(t)).

Residual formulation. Let L be the infinitesimal generator of the diffusion Equa-
tion (36), which for a twice continuously differentiable test function φ : Ω→R is

Lφ(x) :=∇φ(x) ·F
(︁
x,µ(x),y(x)

)︁
+ 1

2 tr
(︂
B
(︁
x,µ(x),y(x)

)︁
B
(︁
x,µ(x),y(x)

)︁⊤∇2φ(x)
)︂
, (41)

and which acts componentwise on a vector-valued test function. Equations (37) and (38)
hold along every trajectory from every x0 ∈Ω if, for every x ∈Ω,31

rµ(x) =µ(x)⊙G
(︁
x,µ(x),y(x)

)︁
+Lµ(x), (42)

0=H
(︁
x,µ(x),y(x)

)︁
, (43)

where the transversality condition Equation (40) is still required for each x0. Stacking,
define

R(x;µ,y) :=

[︄
rµ(x)−µ(x)⊙G

(︁
x,µ(x),y(x)

)︁
−Lµ(x)

H
(︁
x,µ(x),y(x)

)︁ ]︄
. (44)

Global solution methods bound this uniformly, minµ,y supx∈Ω

⃦⃦
R(x;µ,y)

⃦⃦2
2

subject to
Equation (40), and ideal algorithms drive this error to zero as their resolution, such as
the number of grid points, grows.

However, outside of linear models or low-dimensional and compact Ω, finding a
global solution of this sort is typically intractable, regardless of the approximation class
used for µ and y. Instead, most ML algorithms (e.g., kernels, NNs, or even spline re-
gressions) find a statistical solution: rather than bounding the error uniformly on the
whole domain, they achieve a small error on the important regions of the state space as
measured by some distribution over the states.

5.2 Method

Risk minimization. The distribution over states is a modeling primitive for these types
of statistical formulations. It may be externally given, for example as empirical samples

31See Øksendal (2003, Theorem 7.3.3) for the generator and Achdou et al. (2022) for the derivation of
such conditions from the Hamilton–Jacobi–Bellman equation.



27

as in standard supervised learning, or generated adaptively from the solution itself, by
simulating the law of motion of the state under the unknown policy functions from an
initial condition.

For an external distribution ρ on Ω, the problem is risk minimization in the sense of
statistical decision theory (Murphy, 2022, section 5.4),

min
µ,y

Ex∼ρ
[︂⃦⃦

R(x;µ,y)
⃦⃦2
2

]︂
s.t. Equation (40), (45)

where µ,y lie in a function space of sufficient regularity and measurability for the prob-
lem to be well defined.

Alternatively, the distribution of relevant states may be induced by the solution itself.
For the adaptive case, let WT be Wiener measure on [0, T ], the law of a standard Brow-
nian motion path (Øksendal, 2003, Chapter 2), and let x0 ∼ ρ0, which may be a point
mass. One version of this problem is

min
µ,y

Ex0∼ρ0,W∼WT

[︂
1
T

∫︂ T

0

⃦⃦
R
(︁
x(t);µ,y

)︁⃦⃦2
2
dt
]︂

(46)

s.t. Equations (36), (39) and (40),

so that x(t) is the trajectory from x0 under (µ,y) themselves given the Brownian path
W , and the only distributional primitives are ρ0 and T .32 Crucially, the expectation is
over random variables that are independent of the unknown functions.33 In determinis-
tic state-space formulations, the expectation is over ρ0 alone, which can even be a point
mass, in which case the trajectory solving Equations (36) and (39) is deterministic.

Empirical risk for fixed distributions. The empirical counterpart to Equation (45) is
empirical risk minimization (Murphy, 2022, section 5.4): for an external ρ, take samples
D := {x1, . . . ,xN} from ρ and solve

min
µ̂,ŷ

1

N

N∑︂
i=1

⃦⃦
R(xi; µ̂, ŷ)

⃦⃦2
2
. (47)

The inductive bias plays the same role as in Equation (13): among the functions that
attain zero empirical risk, select the interpolant of minimum seminorm,

min
µ̂,ŷ

{︄
M−Mz∑︂
m=1

∥µ̂(m)∥2ψ +
P∑︂

m=1

∥ŷ(m)∥2ψ

}︄
s.t. R

(︁
x; µ̂, ŷ

)︁
= 0 for all x ∈D, (48)

where ∥ · ∥ψ is a seminorm on functions on Ω that measures the smoothness of the un-
known functions across states rather than in time.

32To emphasize short-run accuracy, use a discount factor e−r̃t inside the integral, as in Wang et al. (2020).
33Alternatively, let ρ(·;µ,y) be the time average over [0, T ] of the law of x(t). Then the objective is

Ex∼ρ(·;µ,y)

[︁
∥R(x;µ,y)∥22

]︁
, i.e. Equation (45) with a distribution that depends on the unknowns. The chal-

lenge is that an empirical version of that form must differentiate ρ(·;µ,y) with respect to the parameters
of the unknown functions, or else it is a misspecified counterpart to Equation (45) and ignores how the
unknown functions move the states (Murphy, 2023, section 6.3).
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For kernel methods, ∥ · ∥ψ is the RKHS norm ∥ · ∥H of a kernel k : Ω × Ω → R. We
approximate each function as a weighted sum of the kernel at the sampled states, so
Equation (48) parallels the problem of Section 3.1 with states in place of times. The norm
typically penalizes derivatives with respect to x. The finite-dimensional problem has N
coefficients per function regardless of the dimension of Ω, which enters only through the
scalar-valued kernel capturing the degree of similarity between two states (Rasmussen
and Williams, 2006).

Although the size of the empirical problem is independent of the dimension of Ω,
whether a modest N suffices as the dimension grows depends on the particular problem
and on the choice of kernel, which encodes a “representation” of the state (Section 6).
In some cases NNs are preferred for µ̂ and ŷ because they learn a representation (e.g.,
Achdou et al., 2026), even though their parameter count grows with the dimension of Ω.
A further tradeoff is that an NN solving Equation (47) typically has no fully characteriz-
able seminorm, or only a loose and approximate one.34

As in the sequential case of Section 3, we solve this problem without enforcing the
transversality condition (i.e., we rely on the inductive bias in Equation (48) to fulfill
Equation (40) with enough samples). We show this works well in practice in Supple-
mental Appendix Section 5.3 for both kernel and deep learning solutions, and outline
the open question of proving conditions for it in Section 6.

Sample average approximation for adaptive distributions. Next consider Equa-
tion (46), where the states are generated by the dynamics themselves. Since their distri-
bution depends on the unknowns, we express it through fixed exogenous randomness
and replace the expectation by what is called a sample average approximation (SAA) in
stochastic optimization (Kleywegt et al., 2002), used for optimal control by Phelps et al.
(2016) and for mean field games by Ruthotto et al. (2020).

The constraints in Equation (46) are the SDE Equations (36) and (39) with the ap-
proximants µ̂ and ŷ in its drift and volatility. As before, Equation (40) is not imposed.
Evaluating the objective means solving that SDE forward from x0 and evaluating R

along the resulting trajectory x̂(t). Since those states depend on µ̂ and ŷ, minimizing
requires the derivative of x̂(t) with respect to their parameters, whether kernel coeffi-
cients or NN weights.35 The algorithm then depends on the discretization: our deter-
ministic implementations use a fixed-step fourth-order Runge–Kutta method, which is
accurate with few time steps, and our stochastic ones Euler–Maruyama (Supplemental
Appendix Section 5.3).

For the SAA, draw a finite collection of initial conditions and noise realizations and
hold them fixed while optimizing over (µ̂, ŷ). Let ti = (i − 1)∆t for i = 1, . . . ,N with
∆t := T/(N − 1), so that t1 = 0 and tN = T . For trajectories s = 1, . . . , S, draw an initial

34Nevertheless, Equation (48) provides a standard interpretation to understand the inductive bias for
these types of interpolation problems (see Belkin, 2021, Ebrahimi Kahou et al., 2024).

35Differentiating ordinary differential equation (ODE) and SDE solutions with respect to parameters in
their coefficients is well developed (Chen et al., 2018, Li et al., 2020). Childers et al. (2022) differentiate
through the solution of discrete-time state-space models for estimation, and Ebrahimi Kahou et al. (2024),
Han et al. (2026), and Yang et al. (2025) do the same for simulated stochastic difference equations when
training NN policies in discrete time.
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condition x
(s)
0 ∼ ρ0 and represent the Brownian path through its increments

∆W
(s)
i :=

√
∆tZ

(s)
i , Z

(s)
i ∼N (0, IM ), (49)

for i= 1, . . . ,N −1, independently across s and i and of the initial conditions. The Euler–

Maruyama discretization of Equations (36) and (39) starts from x̂
(s)
1 = x

(s)
0 , since t1 = 0,

and sets

x̂
(s)
i+1 = x̂

(s)
i +∆tF

(︁
x̂
(s)
i , µ̂(x̂

(s)
i ), ŷ(x̂

(s)
i )

)︁
+B

(︁
x̂
(s)
i , µ̂(x̂

(s)
i ), ŷ(x̂

(s)
i )

)︁
∆W

(s)
i , (50)

for i= 1, . . . ,N − 1 and s= 1, . . . , S. Using the resulting SN states, the SAA problem is

min
µ̂,ŷ

1

SN

S∑︂
s=1

N∑︂
i=1

⃦⃦
R
(︁
x̂
(s)
i ; µ̂, ŷ

)︁⃦⃦2
2

(51)

s.t. Equation (50) for i= 1, . . . ,N − 1 and s= 1, . . . , S.

Given the draws, every x̂
(s)
i is a differentiable function of the parameters of (µ̂, ŷ)

through Equation (50), and the gradient of the objective passes through it (Murphy,
2023, section 6.3). When B = 0 the increments drop out and any deterministic inte-
grator can replace Equation (50). Our implementations renew the draws every epoch,
which avoids overfitting to one realization of the noise without requiring a large S in
any single optimization step. Supplemental Appendix Section 5.3 describes the details.

Repeated risk minimization. An advantage of SAA is that, for fixed T and under stan-
dard conditions, minimizers of Equation (51) converge to minimizers of Equation (46)
as S grows (Kleywegt et al., 2002). An alternative is repeated risk minimization (RRM),
which alternates between solving Equation (47) on states generated by the current pol-
icy and regenerating those states under the updated policy, so that no derivative passes
through the dynamics. RRM converges in some cases, but in general it may cycle or stop
at a fixed point that does not minimize the policy-dependent risk Equation (46) (Per-
domo et al., 2020). When a large T is used to approximate an invariant distribution,
a separate and compounding concern is the sensitivity of that distribution to policy-
induced or numerical perturbations of the transition law (Mitrophanov, 2005).

5.3 Examples

The examples in Supplemental Appendix Section 5.3 contrast the two approaches with
the same residual Equation (44). Our kernel implementations use Equation (48), with
the states of D taken from the benchmark path in the deterministic case and from a
previously solved NN policy in the stochastic ones. Our NN implementations use Equa-
tion (51).

The stochastic growth model. The stochastic growth model of Supplemental Ap-
pendix Section 5.1 adds to the model of Section 4.1 a productivity state z following an
Ornstein–Uhlenbeck process, so x = (xz,xe) = (z, k), with consumption y = c as the
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jump variable, output ezf(k), and constant relative risk aversion γ.36 The state follows

dz(t) =−κz(t)dt+ σ dW1(t), (52)

dk(t) =
[︁
ez(t)f

(︁
k(t)

)︁
− δk(t)− c

(︁
z(t), k(t)

)︁]︁
dt, (53)

so B = diag(σ,0) and the generator Equation (41) is

Lφ(z, k) =−κz ∂zφ+
[︁
ezf(k)− δk− c(z, k)

]︁
∂kφ+ σ2

2 ∂zzφ. (54)

With G= ezf ′(k)− δ and H = µcγ − 1, the residual Equation (44) is

R(z, k;µ, c) =

[︄
rµ− µ

[︁
ezf ′(k)− δ

]︁
−Lµ

µcγ − 1

]︄
, (55)

and the transversality condition Equation (40) is

lim
t→∞

E
[︁
e−rt k(t)µ(z(t), k(t))

⃓⃓
z0, k0

]︁
= 0.

Setting σ = 0 and z0 = 0 gives the growth model of Section 4.1 with its unknowns
as functions of k, which we solve the same way with results in Supplemental Appendix
Section 5.3.

Other examples. We also solve a stochastic version of the open economy of Sec-
tion 4.4, with productivity and the world interest rate both stochastic, four states, and
two co-states (Supplemental Appendix Section 5.2).

6. FUTURE DIRECTIONS

We see several directions for extending the methods and theory of this paper.

• Theory for state-space and stochastic formulations. The minimum-norm selection
of Section 5 works in practice (Supplemental Appendix Section 5.3) but is a conjec-
ture. The norm is over states rather than time, so the W1,2 control of the paths’ time
derivatives that drives Theorem 2 is absent, and Equation (5) becomes a statement
in expectation over random trajectories. A theory would also have to settle the ex-
istence and measurability of the objects in Equations (36) to (40) and discuss align-
ment with richer solution concepts such as viscosity solutions (see Achdou et al.,
2022), before the inductive bias of a kernel or an NN could be characterized. While
the theoretical approach in Section 3 might provide some foundations, we expect
this to require a new framework.

• Tradeoffs in using kernels versus NNs. For the sequential models, Supplemental Ap-
pendix Section 6 compares the two solvers: well-tuned NNs are typically more ac-
curate, while kernel solutions are often faster and require less tuning. In the state-
space formulation, Section 5.2 lays out the tradeoffs. A kernel fixes what it means

36Supplemental Appendix Section 5.1 derives these from the Hamilton–Jacobi–Bellman equation and
describes the reductions used in the implementation.
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for two states to be similar and has one coefficient per data point, regardless of the
dimension of the state. An NN in effect chooses its own change of variables for the
state, at a parameter count that grows with the dimension of the state. Finally, only
the kernel has an explicit norm, while the norm an NN implicitly minimizes is un-
known in general. Which approach is preferable as the dimension of the state grows
remains an open question.

• Kernels as a lens on other methods. Wide NNs behave as kernel regressions with the
neural tangent kernel (Jacot et al., 2018), and ridgeless kernel regression is a stan-
dard approach for understanding interpolating estimators in deep learning (Belkin,
2021). In practice, Ebrahimi Kahou et al. (2024) document that deep learning selects
the non-explosive path without a terminal condition; Theorems 1 to 3 establish that
mechanism for minimum-norm interpolation in an RKHS. Since the kernel descrip-
tion holds only in the “lazy” regime, where the parameters stay near their initializa-
tion and the NN is effectively linear in them (Chizat et al., 2019), characterizing the
inductive bias of the NNs used in practice, and whether it aligns with the Sobolev
seminorms of Section 2.3, is the natural next step.

• Adaptive state-space methods for kernels. Only our NN implementations use the
adaptive problem Equation (51); the kernel implementations fix their states in ad-
vance. Adaptation is harder for kernels because the approximation is determined by
both the weights and the reference states, so moving the states moves the function
class itself. There is a long tradition in Bayesian optimization of choosing the points
of a kernel method adaptively (e.g., Maus et al., 2024), and adapting those tools to
select the states at which the residual is enforced is open.

• Non-parametric structural estimation. A kernel solution comes with an explicit
RKHS norm and the guarantees of Section 3, an advantage over NNs, which provide
no comparable guarantees or bounds on the function space. That makes kernels
a candidate for structural estimation of macroeconomic models whose solutions
are approximated non-parametrically. For example, reading the kernel solution as a
Gaussian process (Rasmussen and Williams, 2006) could provide uncertainty quan-
tification along with the point estimate, and an estimator could build on the consis-
tency result of Theorem 3. The solvers are also differentiable through the solution
itself, which Supplemental Appendix Section 7 uses to compute the sensitivity of
the solved paths to every structural parameter and initial condition at once and to
check them against closed forms.

• Constraints and variational inequalities. Inequality and complementarity con-
straints would bring in lifecycle consumption with borrowing limits, irreversible
investment, occasionally binding financial frictions, and constrained differential
games, whose equilibrium conditions are differential variational inequalities rather
than DAEs. The kernel method should extend once the complementarity conditions
are smoothed or reformulated, since Equation (13) is already a constrained opti-
mization problem.
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7. CONCLUSION

This paper introduces ridgeless kernel methods for solving deterministic, infinite-
horizon, continuous-time dynamic models formulated as DAEs. For a broad class of
models, we show that selecting the minimum-norm solution guarantees transversality,
addressing the main computational obstacle of traditional approaches. Kernel methods
are natural for this task, since their function norms are explicit, allowing us to establish
sufficiency results linking kernel solutions to the DAE solution concept.

The theory covers deterministic, sequential models with interior solutions. Section 5
applies the same minimum-norm construction to stochastic models in state space, with
kernels and with NNs, where it selects the transversal solution in practice but without
the guarantees of Section 3. Relative to other methods there are tradeoffs in speed, ac-
curacy, and generalization. A well-tuned kernel method is often faster and easier to tune
than a well-tuned NN, but less accurate (Supplemental Appendix Section 6). What it
provides is a precise and interpretable notion of generalization through its RKHS norm,
which underlies the theory here and opens the door to econometric analysis.

APPENDIX A: RIDGE REGRESSION FORMULATION

For λ > 0, the ridge version of Equation (13) replaces the interpolation constraints by
a penalty on the squared residuals, keeping the unknowns, the integration in Equa-
tion (11), and the constraint (⋆):

min
ˆ̇x, ˆ̇µ, ˆ̇y, µ̂0, ŷ0

∑︂
ti∈D

[︂ ⃦⃦⃦
ˆ̇x(ti)−F (x̂(ti), µ̂(ti), ŷ(ti))

⃦⃦⃦2
2

+
⃦⃦⃦
ˆ̇µ(ti)− r µ̂(ti) + µ̂(ti)⊙G(x̂(ti), µ̂(ti), ŷ(ti))

⃦⃦⃦2
2

+ ∥H(x̂(ti), µ̂(ti), ŷ(ti))∥22
]︂

+ λ
(︂ M∑︂
m=1

∥ˆ̇x(m)∥2H +
M∑︂
m=1

∥ˆ̇µ(m)∥2H +
P∑︂
p=1

∥ˆ̇y(p)∥2H
)︂

s.t. (x̂(t), µ̂(t), ŷ(t)) ∈ B for all t≥ 0.

(56)

Write RN for the sum of squared residuals and L for the sum of squared RKHS norms,
so that the objective is RN + λL, and let B2

N be the optimal value of Equation (13). The
formulation in Equation (13) is referred to as ridgeless because it is the λ → 0 limit of
Equation (56) in the following sense.

PROPOSITION 1. Under Assumptions 1 and 2, Equation (56) has a solution for every λ > 0

and every D. Every solution satisfies L ≤ B2
N and RN ≤ λB2

N . If λk → 0 and hk solves
Equation (56) with λ= λk, then a subsequence of hk converges, weakly in H for the deriva-
tives and uniformly on compact sets for the paths, to a solution of Equation (13).

PROOF. Let h∗N solve Equation (13), which exists by Lemma 7. It is feasible for Equa-
tion (56) with RN (h∗N ) = 0, so the infimum of Equation (56) is at most λB2

N , and any



33

minimizing sequence hn eventually satisfies λL(hn)≤RN (hn) + λL(hn)≤ λB2
N + 1. Its

derivatives therefore lie in the class FCM ′ of Lemma 9, with C2 =B2
N + 1/λ, and its paths

lie in B, so Lemma 12 gives a subsequence converging to some h∞ whose path lies in
B, with L(h∞) ≤ lim inf L(hn) by weak lower semicontinuity. The derivatives and paths
converge pointwise, and F , G, H are continuous on B, so RN (hn) → RN (h∞). Hence
h∞ attains the infimum.

For any solution hλ, comparison with h∗N gives RN (hλ) + λL(hλ) ≤ λB2
N , and both

terms are nonnegative.
Finally, let hk solve Equation (56) with λk → 0. Then L(hk) ≤ B2

N and the paths lie
in B, so Lemma 12 with C = BN gives a subsequence converging to some h0 whose
path lies in B, with L(h0) ≤ B2

N . As above RN (hk) → RN (h0) along the subsequence,
and RN (hk) ≤ λkB

2
N → 0, so RN (h0) = 0: h0 satisfies the interpolation constraints and

(⋆). It is feasible for Equation (13) with objective at most B2
N , hence a solution.

In practice the limit need not be taken: a small fixed λ approximates the ridgeless
solution in the sense of Proposition 1, and the optimizer can instead anneal λ toward
zero during the iterations. All of our kernel and NN implementations use thenlls-gram
Levenberg–Marquardt solver (Perla, 2026), which provides this continuation and, for the
kernel method, carries the RKHS norm as its metric.

APPENDIX B: CONNECTION BETWEEN SOBOLEV SPACES AND THE MATÉRN RKHS

DEFINITION 1 (Matern Kernel). Let kν,ℓ(·, ·) : R× R→ R denote the Matérn covariance
function with smoothness ν and lengthscale ℓ. For the purposes of this paper, we will
define kν,ℓ as:

kν,ℓ(t, t
′) = φ(|t− t′|), ˆ︁φ(ω) := (︁

1 + ℓ2ω2
)︁−ν−1/2

, (57)

where ˆ︂(·) corresponds to the Fourier transform.

Note that Equation (57) corresponds to the standard Matérn kernel definition (Ras-
mussen and Williams, 2006) after appropriately scaling the inputs and outputs. For
ν = 1/2 the kernel is exponential in the time domain, φ(s) = aℓe

−s/ℓ for s ≥ 0, where
the amplitude aℓ > 0 depends only on ℓ and on the normalization of the Fourier trans-
form (for ˆ︁φ(ω) = ∫︁

Rφ(|s|)e−iωsds, aℓ = 1/(2ℓ)). We will use Hν,ℓ to denote the RKHS of
[0,∞)→R functions whose reproducing kernel is the restriction of kν,ℓ to [0,∞)× [0,∞),
and W1,2 for the Sobolev space of [0,∞)→ R functions that are square integrable with
a square-integrable weak derivative, with norm ∥w∥2W1,2 := ∥w∥2

L2 + ∥ẇ∥2
L2 (Brezis and

Brézis, 2011, Ch. 8). Whenever possible we will drop the superscripts for Hν,ℓ.

THEOREM 4 (Equivalence of W1,2 and H1/2,ℓ). For any ℓ > 0, H1/2,ℓ =W1,2 as sets, iden-
tifying each Sobolev function with its continuous representative, and for every w ∈W1,2

∥w∥2H1/2,ℓ =
1

2aℓℓ

(︁
∥w∥2L2 + ℓ2∥ẇ∥2L2 + ℓw(0)2

)︁
. (58)
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Consequently

C1(ℓ)∥w∥W1,2 ≤ ∥w∥H1/2,ℓ ≤C2(ℓ)∥w∥W1,2 ,

C1(ℓ)
2 =

min(1, ℓ2)

2aℓℓ
, C2(ℓ)

2 =
max(1, ℓ2) + ℓ

2aℓℓ
,

so the two norms are equivalent.

PROOF. The whole line. Let H(R) be the RKHS of k1/2,ℓ on R, and equip W1,2(R) with
the inner product ⟨u, v⟩ := 1

2aℓℓ

∫︁
R uv + ℓ2u̇v̇ dt, which is equivalent to the standard one,

so the space is complete. For fixed s ∈ R, ks := k1/2,ℓ(s, ·) = aℓe
−|·−s|/ℓ lies in W1,2(R)

with weak derivative k̇s(t) =−(aℓ/ℓ) sgn(t− s)e−|t−s|/ℓ. Let v ∈W1,2(R). Integrating by
parts on (−∞, s) and on (s,∞), where k̈s = ks/ℓ

2, and using that v and ks are continuous
and vanish at ±∞,

ℓ2
∫︂
R
k̇sv̇ dt = ℓ2

(︁
k̇s(s

−)− k̇s(s
+)

)︁
v(s)−

∫︂
R
ksv dt = 2aℓℓ v(s)−

∫︂
R
ksv dt,

so ⟨ks, v⟩ = v(s). Thus k1/2,ℓ is reproducing for this inner product, and since a repro-
ducing kernel determines its Hilbert space uniquely (Aronszajn, 1950), H(R) =W1,2(R)
with ∥u∥2H(R) =

1
2aℓℓ

∫︁
R u2 + ℓ2u̇2 dt.

The half line. Let N be the subspace of u ∈H(R) vanishing on [0,∞), which is closed
because point evaluations are continuous. Restriction to [0,∞) is injective on N⊥, and
for w in its image write uw ∈N⊥ for the unique preimage, which is the extension of w of
minimal H(R)-norm. The image with ∥w∥+ := ∥uw∥H(R) is a Hilbert space, and for s≥ 0

and n ∈ N , ⟨ks, n⟩ = n(s) = 0, so ks ∈ N⊥ and ⟨ks|[0,∞),w⟩+ = ⟨ks, uw⟩ = uw(s) = w(s).

Hence this space is the RKHS of the restricted kernel (Aronszajn, 1950): H1/2,ℓ consists
of the restrictions of W1,2(R) functions, which is all of W1,2 (extend by even reflection),
with ∥w∥H1/2,ℓ = min{∥u∥H(R) : u|[0,∞) = w}. To compute the minimum, let u be any
extension. On (−∞,0], (u − ℓu̇)2 ≥ 0 gives u2 + ℓ2u̇2 ≥ 2ℓuu̇ = ℓ ddt (u

2), with equality if
and only if u= ℓu̇, so ∫︂ 0

−∞
u2 + ℓ2u̇2 dt ≥ ℓu(0)2 = ℓw(0)2,

with equality for u(t) = w(0)et/ℓ. Adding the integral over [0,∞) and dividing by 2aℓℓ

gives Equation (58).
Equivalence. The lower bound follows from ∥w∥2

L2 + ℓ2∥ẇ∥2
L2 ≥ min(1, ℓ2)∥w∥2W1,2

and w(0)2 ≥ 0. For the upper bound, since w(t)→ 0 as t→∞ for w ∈W1,2 (Brezis and
Brézis, 2011, Ch. 8), w(0)2 =−

∫︁∞
0

d
dtw

2 dt=−2
∫︁∞
0 wẇ dt≤ ∥w∥2

L2 + ∥ẇ∥2
L2 .

The Matérn kernels with ν = P − 1/2 for integers P ≥ 2 are related to the Sobolev
spaces WP,2 in the same way (Wendland, 2004, Ch. 10), but only ν = 1/2 is used in our
proofs.
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APPENDIX C: PROOF OF THEOREM 1

THEOREM 1 (RESTATED). For a DAE satisfying Assumptions 1 and 2, define S as the set
of trajectories in the sense of Assumption 2, which satisfy Equations (1) to (4) but not
necessarily Equation (5), and define M as the set of (x,µ,y) with x,µ continuously dif-
ferentiable and finite derivative energy

∫︁∞
0 ∥ẋ(t)∥22 + ∥µ̇(t)∥22 dt < ∞. Then S ∩M con-

tains exactly one element (x∗,µ∗,y∗), and it is the unique trajectory that satisfies Equa-
tion (5).

PROOF. The solution lies in S ∩M. By Assumption 2(i), (x∗,µ∗,y∗) is a trajectory, so it
lies in S; by Assumption 2(ii), the integral defining M is bounded by the finite integral in
that assumption, so it lies in M.

Every element of S ∩ M satisfies Equation (5). Let (x,µ,y) ∈ S ∩ M and set A :=(︁∫︁∞
0 ∥ẋ(t)∥22+ ∥µ̇(t)∥22 dt

)︁1/2
<∞. Each component w of x or µ is continuously differen-

tiable by the definition of a trajectory, and ẇ2 ≤ ∥ẋ∥22+ ∥µ̇∥22 pointwise, so
∫︁ t
0 ẇ

2 dτ ≤A2

for every t≥ 0. The fundamental theorem of calculus and the Cauchy–Schwarz inequal-
ity against the constant function 1 then give

|w(t)| ≤ |w(0)|+
∫︂ t

0
|ẇ(τ)|dτ ≤ |w(0)|+

√
t
(︂∫︂ t

0
ẇ(τ)2 dτ

)︂1/2
≤ |w(0)|+

√
tA.

Hence, with W0 := maxmmax
(︁
|x(m)(0)|, |µ(m)(0)|

)︁
, both |x(m)(t)| and |µ(m)(t)| are at

most W0 +
√
tA for each m, and multiplying,

|x(m)(t)µ(m)(t)| ≤
(︁
W0 +

√
tA

)︁2 ≤ 2W 2
0 + 2A2t for all t≥ 0,

using (a+ b)2 ≤ 2a2 + 2b2. Finite derivative energy therefore does not prevent x(m)µ(m)

from growing, but it caps the growth at a linear rate in t. The transversality condition
Equation (5) weights this product by e−rt, so⃓⃓

e−rtx(m)(t)µ(m)(t)
⃓⃓
≤ e−rt

(︁
2W 2

0 + 2A2t
)︁
−→ 0 as t→∞,

because r > 0 gives e−rt→ 0 and te−rt→ 0.37 Since this holds for everym, limt→∞ e−rtx(t)⊙
µ(t) = 0, which is Equation (5).

By Assumption 2(i) the only trajectory satisfying Equation (5) is (x∗,µ∗,y∗), so S ∩
M= {(x∗,µ∗,y∗)}, and this element is the unique trajectory satisfying Equation (5).

APPENDIX D: PROOF OF THEOREM 2

THEOREM 2 (RESTATED). Let H be the Matérn RKHS with ν = 1
2 and lengthscale ℓ > 0

on [0,∞), let ẋ(m), µ̇(m) ∈ H for every m= 1, . . . ,M , and let x(t) = x(0) +
∫︁ t
0 ẋ(τ)dτ and

µ(t) =µ(0) +
∫︁ t
0 µ̇(τ)dτ for finite initial values x(0),µ(0) ∈RM . Then

lim
t→∞

e−rtx(t)⊙µ(t) = 0;

that is, (x,µ) satisfies the asymptotic boundary condition Equation (5).

37Discounting is essential here. With r = 0, finite derivative energy no longer implies Equation (5):
x(m)(t) = µ(m)(t) = (1+ t)1/3 has a square-integrable derivative, while x(m)(t)µ(m)(t) = (1+ t)2/3 →∞.
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PROOF. By Theorem 4, H=W1,2 with ∥w∥W1,2 ≤C−1
1 ∥w∥H for every w ∈H, so for each

m= 1, . . . ,M

∥ẋ(m)∥L2([0,∞)) ≤ ∥ẋ(m)∥W1,2 ≤C−1
1 ∥ẋ(m)∥H <∞.

Since x(m)(t) = x(m)(0) +
∫︁ t
0 ẋ

(m)(τ)dτ , the Cauchy-Schwarz inequality gives

⃓⃓⃓
x(m)(t)

⃓⃓⃓
≤

⃓⃓⃓
x(m)(0)

⃓⃓⃓
+

∫︂ t

0

⃓⃓⃓
ẋ(m)(τ)

⃓⃓⃓
dτ

≤
⃓⃓⃓
x(m)(0)

⃓⃓⃓
⏞ ⏟⏟ ⏞

:=am

+
√
t
⃦⃦
ẋ(m)

⃦⃦
L2([0,∞))⏞ ⏟⏟ ⏞

:=bm

,

with 0 ≤ am, bm < ∞. An identical argument will show that |µ(m)(t)| ≤ cm + dm
√
t for

finite cm, dm. Hence, since r > 0,

e−rt
⃓⃓⃓
x(m)(t)µ(m)(t)

⃓⃓⃓
≤ e−rt

(︂
am + bm

√
t
)︂(︂

cm + dm
√
t
)︂
= O

(︁
t e−rt

)︁
−→ 0.

APPENDIX E: PROOF OF THEOREM 3

THEOREM 3 (RESTATED). Suppose Assumptions 1 and 2 hold, and let (x̂N , µ̂N , ŷN ) be
any solution of Equation (13), with H the Matérn RKHS with ν = 1

2 and lengthscale ℓ > 0

on [0,∞), for the points D = {t1, . . . , tN}, drawn i.i.d. from a distribution π on [0,∞) with
a strictly positive density and finite second moment. Then

limN→∞(x̂N , µ̂N , ŷN )
a.s.
= (x∗,µ∗,y∗),

where (x∗,µ∗,y∗) is the unique trajectory satisfying Equation (5) (Assumption 2), and
the convergence is uniform on compact subsets of [0,∞).

Throughout this appendix, H denotes the Matérn-1/2 RKHS of functions on [0,∞)

and κ := supt∈[0,∞)

√︁
k(t, t)<∞ denotes the (finite) uniform bound on its reproducing

kernel. We will repeatedly use the fact that H=W1,2 as sets, with C1∥w∥W1,2 ≤ ∥w∥H ≤
C2∥w∥W1,2 for constants 0 < C1 ≤ C2 < ∞ depending only on the lengthscale (Theo-
rem 4).

Two consequences are used often enough to record here: for any w ∈H,

sup
t∈[0,∞)

|w(t)| ≤ κ∥w∥H, |w(t)−w(s)| ≤ ∥ẇ∥L2

√︁
|t− s| ≤ C−1

1 ∥w∥H
√︁
|t− s|, (59)

the first by the reproducing property and Cauchy-Schwarz (see e.g. Wainwright, 2019,
Ch. 12), the second by Cauchy-Schwarz applied to w(t)−w(s) =

∫︁ t
s ẇ(τ)dτ and ∥ẇ∥L2 ≤

∥w∥W1,2 ≤ C−1
1 ∥w∥H. In particular, every w ∈H is continuous, and bounded subsets of

H are uniformly bounded and equicontinuous.
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We will also need the representer of the integration functional. For t≥ 0, set

gt :=

∫︂ t

0
k(τ, ·)dτ ∈ H, so that ⟨gt, w⟩H =

∫︂ t

0
w(τ)dτ for all w ∈H, (60)

where the integral is well-defined because τ ↦→ k(τ, ·) is continuous and bounded in
H. The triangle inequality gives ∥gt∥H ≤ κt, and thus both w ↦→ w(t) and w ↦→

∫︁ t
0 w are

bounded linear functionals on H.
Throughout this proof, B denotes the box in (⋆), the compact subset of V from As-

sumption 2(iii), and K := max(x,µ,y)∈Bmax(∥x∥∞,∥µ∥∞,∥y∥∞). By Assumption 1, F ,
G, H are Lipschitz on B with respect to ∥ · ∥∞. The minimization in Equation (13) is over
all ẋ(m), µ̇(m), ẏ(p) ∈H and µ0 ∈ RM , y0 ∈ RP , with (x,µ,y) recovered by integration as
in Equation (11).

We break up this proof into a series of lemmas. The first lemma uses Assumption 2
to characterize the derivative norms of DAE solutions.

LEMMA 5. (x∗,µ∗,y∗), the true solution to the DAE in Equations (1) to (5), satisfies

B2 :=
∑︁M
m=1 ∥ẋ∗(m)∥2H +

∑︁M
m=1 ∥µ̇∗(m)∥2H +

∑︁P
p=1 ∥ẏ∗(p)∥2H < ∞.

PROOF. Define

C0 =

∫︂ ∞

0
∥ẋ∗(t)∥22 + ∥µ̇∗(t)∥22 + ∥ẏ∗(t)∥22 + ∥ẍ∗(t)∥22 + ∥µ̈∗(t)∥22 + ∥ÿ∗(t)∥22 dt,

which is finite by Assumption 2(ii). Since x∗,µ∗,y∗ are twice continuously differentiable,
each component of ẋ∗, µ̇∗, ẏ∗ lies in W1,2 and, by definition of the Sobolev norm,

C0 =
∑︁M
m=1 ∥ẋ

∗(m)∥2W1,2 +
∑︁M
m=1 ∥µ̇

∗(m)∥2W1,2 +
∑︁P
p=1 ∥ẏ

∗(p)∥2W1,2 .

By Theorem 4, B2 ≤C2
2C0 <∞.

The next two lemmas address the validity of the optimization problem in Equa-
tion (13): a solution to this empirical risk minimization problem always exists, and the
true solution is a constraint-satisfying potential candidate.

LEMMA 6. For all sets D = {t1, . . . , tN}, the true DAE solution x∗,µ∗,y∗ satisfies the con-
straints in Equation (13).

PROOF. The DAE solution x∗,µ∗,y∗ satisfies Equations (1) to (3) everywhere on [0,∞),
and thus it satisfies the first three constraints in Equation (13) at every ti ∈ D. The con-
straint (⋆) is Assumption 2(iii).

LEMMA 7. For all sets D = {t1, . . . , tN}, a solution to Equation (13) exists.

PROOF. Write the objective of Equation (13) as

L(x,µ,y) =
∑︁M
m=1

(︂
∥ẋ(m)∥2H + ∥µ̇(m)∥2H

)︂
+
∑︁P
p=1 ∥ẏ

(p)∥2H
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A candidate solution is defined by the derivatives {ẋ(m), µ̇(m)}Mm=1,{ẏ(p)}Pp=1 as well as
initial conditions µ0,y0, from which x,µ,y are recovered through the integration in
Equation (11). We begin by noting that the feasible set is nonempty and the objective
attains a finite value on it, since (x∗,µ∗,y∗) is feasible (Lemma 6) with objective value
L(x∗,µ∗,y∗) =B2 <∞ (Lemma 5).

Let (xn,µn,yn) be a minimizing sequence in the feasible set with L(xn,µn,yn)≤B2

for all n. The constraint (⋆) at t= 0 forces (µ0,n,y0,n) = (µn(0),yn(0)) ∈ [µ, µ̄]× [y, ȳ], a
compact subset of RM+P . Moreover, closed balls in a Hilbert space are weakly sequen-
tially compact. Thus, after passing to a subsequence, which we do not relabel,

(ẋ
(m)
n , µ̇

(m)
n , ẏ

(p)
n )

weakly−→ (ẋ
(m)
∞ , µ̇

(m)
∞ , ẏ

(p)
∞ ) ∈H, (µ0,n,y0,n)→ (µ0,∞,y0,∞).

We next claim the limit also lives in the feasible set. Weak convergence means

⟨h, ẋ(m)
n ⟩ → ⟨h, ẋ(m)

∞ ⟩ for every h ∈ H (and likewise for µ̇(m), ẏ(p)). Taking h to be a co-
ordinate copy of k(t, ·) gives ẋn(t)→ ẋ∞(t), µ̇n(t)→ µ̇∞(t), and ẏn(t)→ ẏ∞(t) for ev-
ery t ∈ [0,∞). Moreover, taking h to be a coordinate copy of gt and using Equation (60)
gives

∫︁ t
0 ẋn →

∫︁ t
0 ẋ∞, and hence xn(t) → x∞(t), µn(t) → µ∞(t), yn(t) → y∞(t), again

for every t ∈ [0,∞). Each of the first three constraints of Equation (13) is a continuous
function of the finitely many values ẋ(ti), µ̇(ti),x(ti),µ(ti),y(ti) (by continuity of F , G,
H), so each of the constraints passes to the limit. Regarding the constraint (⋆): for each
fixed t, (xn(t),µn(t),yn(t)) ∈ B converges to (x∞(t),µ∞(t),y∞(t)), which therefore lies
in B because B is closed. Altogether, we have that the limit lives in the feasible set.

Finally, the norms of Hilbert spaces are weakly lower semicontinuous. Because the
objective function L is the sum of squared H norms, we have that

L(x∞,µ∞,y∞)≤ lim inf
n

L(xn,µn,yn)⏞ ⏟⏟ ⏞
=:I

≤B2.

The limit is feasible with objective value at most I , and I is trivially the infimum because
the sequence is minimizing, so the infimum is attained.

Because the proof of Theorem 3 establishes consistency via a uniform law of large
numbers, the next lemmas establish the Rademacher complexity over the kernel-
estimated DAE solutions, as well as the Rademacher complexity on an error function that
measures how much the kernel-estimated DAE solution violates Equations (1) to (3).

LEMMA 8. Let 0≤C <∞. Define the function classes

FC := {w ∈H : ∥w∥H ≤C}∫︁
FC :=

{︂
t ↦→

∫︁ t
0w(τ)dτ : w ∈ FC

}︂
.

Letting π be a distribution with support over [0,∞) and finite second moment, and denot-

ing ˆ︁RN as the empirical Rademacher complexity for a dataset t1, . . . , tN
i.i.d.∼ π, we have

that ˆ︁RN (FC)≤CκN−1/2, Eti
[︂ ˆ︁RN (

∫︁
FC)

]︂
≤Cκ

√︂
Et∼π[t2]N−1/2.
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PROOF. The bound ˆ︁RN (FC) ≤ CκN−1/2 is a standard result for reproducing kernel
Hilbert spaces with a bounded kernel; it follows from the computation below with k(ti, ·)
in place of gti , using ∥k(ti, ·)∥H =

√︁
k(ti, ti)≤ κ. For

∫︁
FC we use the integral representer

gt of Equation (60):

ˆ︁RN (
∫︁
FC) := Eϵi

[︄
sup
w∈FC

1

N

N∑︂
i=1

ϵi

∫︂ ti

0
w(τ)dτ

]︄
(ϵi

i.i.d.∼ Rad)

= Eϵi

[︄
sup
w∈FC

⟨︄
1

N

N∑︂
i=1

ϵigti , w

⟩︄
H

]︄

≤ Eϵi

[︄⃦⃦⃦⃦
⃦CN

N∑︂
i=1

ϵigti

⃦⃦⃦⃦
⃦
H

]︄
(Cauchy-Schwarz inequality)

≤

⌜⃓⃓⃓
⎷Eϵi

⎡⎣⃦⃦⃦⃦⃦CN
N∑︂
i=1

ϵigti

⃦⃦⃦⃦
⃦
2

H

⎤⎦ (Jensen inequality)

=

⌜⃓⃓⎷C2

N2

∑︂
i,j

Eϵi
[︁
ϵiϵj

]︁ ⟨︁
gti , gtj

⟩︁
H =

⌜⃓⃓⎷C2

N2

N∑︂
i=1

∥gti∥
2
H (ϵi are uncorrelated)

≤

⌜⃓⃓⎷C2

N2

N∑︂
i=1

(︃∫︂ ti

0
∥k(τ, ·)∥H dτ

)︃2

(triangle inequality)

≤

⌜⃓⃓⎷C2κ2

N2

N∑︂
i=1

t2i =
Cκ

N1/2

⌜⃓⃓⎷ 1

N

N∑︂
i=1

t2i ,

where the last inequality uses ∥k(τ, ·)∥H =
√︁
k(τ, τ)≤ κ. Taking expectations over ti

i.i.d.∼
π and applying Jensen’s inequality gives Eti [ ˆ︁RN (

∫︁
FC)]≤ Cκ

√︁
Et∼π[t2]N−1/2, which is

finite by the second-moment hypothesis.

LEMMA 9. Let π and C be as in Lemma 8, and write M ′ := 2M +P for the total dimension
of the DAE. Define

FCM ′ :=
{︂
(ẋ, µ̇, ẏ) :

∑︁M
m=1

(︂
∥ẋ(m)∥2H + ∥µ̇(m)∥2H

)︂
+
∑︁P
p=1 ∥ẏ

(p)∥2H ≤C2
}︂

∫︁
FCM ′ :=

{︂
t ↦→

∫︁ t
0(ẋ(τ), µ̇(τ), ẏ(τ))dτ : (ẋ, µ̇, ẏ) ∈ FCM ′

}︂
Then ˆ︁RN (FCM ′)≤CκM ′N−1/2 and Eti

[︂ ˆ︁RN (
∫︁
FCM ′)

]︂
≤CκM ′√︁Et∼π[t2]N−1/2.

PROOF. Every component of an element of FCM ′ has H-norm at most C , i.e. lies in FC
as defined in Lemma 8. The claim then follows from the standard summation rule for
Rademacher complexity:

ˆ︁RN (FCM ′)
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:=E

⎡⎣ sup
(ẋ,µ̇,ẏ)∈FC

M′

1

N

N∑︂
i=1

⎛⎝ M∑︂
j=1

ϵxij ẋ
(j)(ti) +

M∑︂
j=1

ϵµij µ̇
(j)(ti) +

P∑︂
j=1

ϵyij ẏ
(j)(ti)

⎞⎠⎤⎦
(ϵxij , ϵ

µ
ij , ϵ

y
ij

i.i.d.∼ Rad)

≤
M∑︂
j=1

E

[︄
sup

ẋ(j)∈FC

1

N

N∑︂
i=1

ϵxij ẋ
(j)(ti)

]︄
⏞ ⏟⏟ ⏞

≤MCκN−1/2

+
M∑︂
j=1

E

[︄
sup

µ̇(j)∈FC

1

N

N∑︂
i=1

ϵµij µ̇
(j)(ti)

]︄
⏞ ⏟⏟ ⏞

≤MCκN−1/2

+

P∑︂
j=1

E

[︄
sup

ẏ(j)∈FC

1

N

N∑︂
i=1

ϵyij ẏ
(j)(ti)

]︄
⏞ ⏟⏟ ⏞

≤ PCκN−1/2

≤CκM ′N−1/2, (Lemma 8)

where the inequality relaxes the joint supremum over FCM ′ to a sum of componentwise
suprema over FC . An identical argument using the second bound of Lemma 8 gives the
claim for

∫︁
FCM ′ .

LEMMA 10. For µ0 ∈RM , y0 ∈RP , and {ẋ(m), µ̇(m)}Mm=1,{ẏ(p)}Pp=1 ∈H, set

x(t) := x0 +

∫︂ t

0
ẋ(τ)dτ, µ(t) :=µ0 +

∫︂ t

0
µ̇(τ)dτ, y(t) := y0 +

∫︂ t

0
ẏ(τ)dτ,

and, whenever (x(t),µ(t),y(t)) ∈V for all t≥ 0, define the DAE error function

eẋ,µ̇,ẏ,µ0,y0
(t) :=

⃦⃦⃦⃦
⃦⃦⃦
⎡⎢⎣ ẋ(t)−F (x(t),µ(t),y(t))

µ̇(t)− (rµ(t)−µ(t)⊙G(x(t),µ(t),y(t)))

H (x(t),µ(t),y(t))

⎤⎥⎦
⃦⃦⃦⃦
⃦⃦⃦
∞

. (61)

For any 0≤C <∞, define GC as the set of error functions

GC :=
{︂
eẋ,µ̇,ẏ,µ0,y0

(·) : (ẋ, µ̇, ẏ) ∈ FCM ′ , (x(t),µ(t),y(t)) ∈ B for all t≥ 0
}︂
.

Then every error function in GC is bounded by some constant ˜︁C (depending only on C , κ,
B, r, F , G, and H) and

Eti
[︂ ˆ︁RN (GC)

]︂
≤

√
2LM ′

(︃
Cκ

(︃
1 +

√︂
Et∼π[t2]

)︃
+K

)︃
N−1/2,

where L is a finite constant that depends only on F , G, H , r, and B.

PROOF. By Assumption 1, F , G, H are Lipschitz with respect to ∥ · ∥∞ on the compact
set B, and hence bounded there. Therefore on RM ×RM ×B the function

(a,b,c,d,e) ↦−→

⃦⃦⃦⃦
⃦⃦⃦
⎡⎢⎣ a−F (c,d,e)

b− (rd− d⊙G(c,d,e))

H (c,d,e)

⎤⎥⎦
⃦⃦⃦⃦
⃦⃦⃦
∞
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is Lipschitz continuous with respect to ∥ · ∥∞ in (a,b,c,d,e): the map (c,d,e) ↦→ d ⊙
G(c,d,e) is Lipschitz on B because d is bounded there and G is bounded and Lipschitz.
Let L be its Lipschitz constant with respect to ∥ · ∥∞, which depends only on F , G, H ,
r, and B. Being real-valued, the function extends to all of RM × RM × RM × RM × RP

with the same Lipschitz constant (McShane extension). Since ∥u− v∥∞ ≤ ∥u− v∥2, the
extension is also L-Lipschitz with respect to the Euclidean norm, which is the hypothesis
of the vector-valued contraction inequality used below.

For boundedness: (x(t),µ(t),y(t)) ∈ B by the design of GC , and each component
of ẋ and µ̇ satisfies supt |ẋ(m)(t)| ≤ κC by Equation (59). Therefore eẋ,µ̇,ẏ,µ0,y0

(·) is a
Lipschitz function applied to inputs lying in a fixed bounded set, and is thus bounded
by a constant ˜︁C depending only on C , κ, B, r, F , G, and H .

For the Rademacher complexity, note that each e ∈ GC is the composition of the
above L-Lipschitz map with the vector of functions (ẋ(·), µ̇(·),x(·),µ(·),y(·)), whose
components range over FCM ′ and

∫︁
FCM ′ translated by the constants x0,µ0,y0, where

∥x0∥∞,∥µ0∥∞,∥y0∥∞ ≤ K by (⋆) at t = 0. The class of constant functions bounded
by K in each of the M ′ coordinates has empirical Rademacher complexity at most
KM ′N−1/2, since Eϵ|N−1

∑︁
i ϵi| ≤ N−1/2. By the vector-valued contraction inequality

of Maurer (2016), which contributes the factor
√
2, and the summation rule,

Eti
[︂ ˆ︁RN (GC)

]︂
≤

√
2L

(︂
Eti

[︂ ˆ︁RN (FCM ′)
]︂
+Eti

[︂ ˆ︁RN (
∫︁
FCM ′)

]︂
+KM ′N−1/2

)︂
≤

√
2LM ′

(︃
Cκ

(︃
1 +

√︂
Et∼π[t2]

)︃
+K

)︃
N−1/2,

using Lemma 9 for the first two terms.

The next two lemmas will help to establish that, if the “error function” in Lemma 10
converges to zero, then the kernel-estimated DAE solutions will converge to true DAE
solutions.

LEMMA 11. Let π be a measure on [0,∞) with strictly positive density with respect to
Lebesgue measure. Let {ẋ(m), µ̇(m)}Mm=1,{ẏ(p)}Pp=1 ∈H, define x,µ,y by integration as in
Lemma 10 with x(0) = x0, and suppose (x(t),µ(t),y(t)) ∈ B for all t≥ 0. If (x,µ,y) satis-
fies Equations (1) to (3) π-almost everywhere, then x,µ,y ∈C1([0,∞)) and Equations (1)
to (4) hold everywhere on [0,∞).

PROOF. Elements of H are continuous (Equation (59)), so by the fundamental theorem
of calculus x,µ,y are C1 with derivatives ẋ, µ̇, ẏ, and Equation (4) holds by construction.
Since the path lies in B and F , G, H are continuous on B (Assumption 1), the error
function e := eẋ,µ̇,ẏ,µ(0),y(0) of Equation (61) is continuous on [0,∞). By hypothesis e=
0 outside a set D with π(D) = 0. Since π has a strictly positive density with respect to
Lebesgue measure, no nonempty open interval is π-null; thus D has empty interior, or
equivalently [0,∞)\D is dense. A continuous function vanishing on a dense set vanishes
everywhere, so Equations (1) to (3) hold on all of [0,∞).
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LEMMA 12. Let 0 ≤ C < ∞. For each n, let (ẋn, µ̇n, ẏn) ∈ FCM ′ (defined as in Lemma 9),
let µ0,n ∈ RM , y0,n ∈ RP , define xn,µn,yn from these by integration as in Lemma 10,
and suppose (xn(t),µn(t),yn(t)) ∈ B for all t ≥ 0. Then there is a subsequence nk and a
limit (ẋ∞, µ̇∞, ẏ∞,µ0,∞,y0,∞), with x∞,µ∞,y∞ defined from it by the same integra-
tion, such that

1. (ẋ
(m)
nk , µ̇

(m)
nk , ẏ

(p)
nk )

weakly−→ (ẋ
(m)
∞ , µ̇

(m)
∞ , ẏ

(p)
∞ ) ∈H and (µ0,nk

,y0,nk
)→ (µ0,∞,y0,∞),

2. ẋnk
→ ẋ∞, µ̇nk

→ µ̇∞, ẏnk
→ ẏ∞ and xnk

→ x∞, µnk
→µ∞, ynk

→ y∞ uniformly
on compact subsets of [0,∞),

3. ∥ẋ(m)
∞ ∥H ≤ lim infk ∥ẋ

(m)
nk ∥H for every m, and likewise for µ̇∞, ẏ∞, and

4. (x∞(t),µ∞(t),y∞(t)) ∈ B for all t≥ 0.

PROOF. Each component of (ẋn, µ̇n, ẏn) lies in the ball {w ∈ H : ∥w∥H ≤ C}. Closed
balls in a Hilbert space are weakly sequentially compact, and (µ0,n,y0,n) = (µn(0),yn(0))

lies in the compact set [µ, µ̄] × [y, ȳ]; passing to a subsequence gives Claim 1. Claim 3
follows from the weak lower semicontinuity of the Hilbert norm.

For Claim 2, Equation (59) shows that all functions in the radius C RKHS ball are
uniformly bounded (by κC) and uniformly equicontinuous on [0,∞). By the Arzelà-
Ascoli theorem and a diagonal argument over [0, j], j ∈ N, a further subsequence con-
verges uniformly on compact sets. The uniform limit must agree with the weak limit,
since weak convergence in H implies pointwise convergence (wnk

(t) = ⟨wnk
, k(t, ·)⟩H →

⟨w∞, k(t, ·)⟩H = w∞(t)). Uniform convergence of xnk
,µnk

,ynk
on [0, T ] then follows

from

sup
t∈[0,T ]

∥xnk
(t)−x∞(t)∥∞ ≤

∫︂ T

0
∥ẋnk

(τ)− ẋ∞(τ)∥∞ dτ

≤ T sup
τ∈[0,T ]

∥ẋnk
(τ)− ẋ∞(τ)∥∞ → 0,

and analogously for µnk
and ynk

, whose initial values also converge.
Claim 4 holds because B is closed and (xnk

(t),µnk
(t),ynk

(t)) ∈ B converges to
(x∞(t),µ∞(t),y∞(t)) for each t.

Now we are ready to prove Theorem 3.

PROOF OF THEOREM 3. A solution to Equation (13) exists (Lemma 7) and the true solu-
tion is feasible (Lemma 6).

Let B2 be the (deterministic and fixed) objective value of the true solution, as defined
in Lemma 5, and let

B2
N =

∑︁M
m=1 ∥ ˙̂x(m)

N ∥2H +
∑︁M
m=1 ∥ ˙̂µ(m)

N ∥2H +
∑︁P
p=1 ∥ ˙̂y(p)N ∥2H

be the objective value attained by the empirical solution for some D = {t1, . . . , tN}. Be-
cause the true solution is feasible for every D and (x̂N , µ̂N , ŷN ) minimizes the objective,

BN ≤B <∞, ( ˙̂xN , ˙̂µN , ˙̂yN ) ∈ FBM ′ ,
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where FBM ′ is defined as in Lemma 9. This comparison is the only place where the mini-
mality of the empirical solution is used; the remainder of the proof uses only its feasibil-
ity and the bound BN ≤B.

Define eN (·) := e ˙̂xN , ˙̂µN ,
˙̂yN ,µ̂N (0),ŷN (0)(·) and GB as in Lemma 10. By feasibility,

eN ∈ GB and eN (ti) = 0 for every ti ∈ D. Since eN ≥ 0, a uniform law of large numbers
(Wainwright, 2019, Thm. 4.10) gives, for any δ > 0,

∫︂ ∞

0
eN (τ)π(dτ) =

∫︂ ∞

0
eN (τ)π(dτ)− 1

N

N∑︂
i=1

eN (ti)⏞ ⏟⏟ ⏞
=0

≤ sup
e∈GB

⃓⃓⃓⃓
⃓
∫︂ ∞

0
e(τ)π(dτ)− 1

N

N∑︂
i=1

e(ti)

⃓⃓⃓⃓
⃓

≤ 4Eti∼π
[︂ ˆ︁RN (GB)

]︂
+ δ

with probability at least 1 − exp(−Nδ2

2 ˜︁C2
), where ˜︁C is the constant from Lemma 10.3839

These tail probabilities are summable inN , so by the Borel-Cantelli lemma limsupN supe∈GB |
∫︁∞
0 edπ−

1
N

∑︁N
i=1 e(ti)| ≤ δ almost surely for each fixed δ, using Eti∼π[ ˆ︁RN (GB)]→ 0 (Lemma 10).

Applying this along a countable sequence δk ↓ 0 shows that the supremum tends to zero
almost surely. Since it bounds

∫︁∞
0 eN dπ for every choice of minimizer of Equation (13),

this yields ∫︂ ∞

0
eN (τ)π(dτ)

a.s.−→ 0. (62)

Now work on the almost-sure event of Equation (62), and let (x̂Nk
, µ̂Nk

, ŷNk
)

be an arbitrary subsequence. By Lemma 12 with C = B there is a further subse-

quence (x̂Nk′
, µ̂Nk′

, ŷNk′
) along which ( ˙̂x

(m)
Nk′

, ˙̂µ
(m)
Nk′

, ˙̂y
(p)
Nk′

) converge weakly in H and
(x̂Nk′

, µ̂Nk′
, ŷNk′

) converges uniformly on compact sets to some limit (x∞,µ∞,y∞),
with

(x∞(t),µ∞(t),y∞(t)) ∈ B for all t≥ 0,∑︁M
m=1 ∥ẋ(m)

∞ ∥2H +
∑︁M
m=1 ∥µ̇(m)

∞ ∥2H +
∑︁P
p=1 ∥ẏ(p)∞ ∥2H ≤ B2 < ∞, (63)

the latter because a sum of limits inferior is at most the limit inferior of the sum.
By continuity of F , G, H on B (Assumption 1) and the pointwise convergence of

38The supremum over GB is measurable: the class is parameterized by a subset of the separable space
HM ′ ×RM+P , and for fixed t1, . . . , tN the values e(ti) and

∫︁
edπ depend continuously on the parameters

(by Equation (59) and dominated convergence), so the supremum may be taken over a countable dense
subset.

39Wainwright (2019) defines the Rademacher complexity with an absolute value inside the supremum
and obtains the constant 2. The error function of the true solution is identically zero and lies in GB , so
supe∈GB

∑︁
i ϵie(ti) and supe∈GB

∑︁
i(−ϵi)e(ti) are both nonnegative and supe∈GB |

∑︁
i ϵie(ti)| is at most

their sum. Since −ϵ has the same law as ϵ, the complexity with the absolute value is at most twice ˆ︁RN (GB),
which gives the constant 4.
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the derivatives and paths (Lemma 12), eNk′
(t) → e∞(t) for every t, where e∞(·) =

eẋ∞,µ̇∞,ẏ∞,µ0,∞,y0,∞(·). Since eNk′
≥ 0, Fatou’s lemma gives us∫︂ ∞

0
e∞(τ)π(dτ) ≤ lim inf

Nk′→∞

∫︂ ∞

0
eNk′

(τ)π(dτ) = 0.

Therefore e∞(·) = 0 π-almost everywhere, i.e. (x∞,µ∞,y∞) satisfies Equations (1) to (3)
π-almost everywhere, and Lemma 11 shows that x∞,µ∞,y∞ are C1 and satisfy Equa-
tions (1) to (4) everywhere on [0,∞).

By Equation (63), ẋ(m)
∞ , µ̇

(m)
∞ ∈ H for every m, and the initial values x∞(0) = x0 and

µ∞(0) ∈ [µ, µ̄] are finite, so Theorem 2 yields Equation (5). Being C1, B-valued, and a
solution of Equations (1) to (4) everywhere, (x∞,µ∞,y∞) is a trajectory in the sense of
Assumption 2 that satisfies Equation (5), so by Assumption 2(i) it equals (x∗,µ∗,y∗).

It remains to upgrade this subsequential statement into a claim about the full se-
quence. Suppose for the sake of contradiction that the full sequence does not converge
to (x∗,µ∗,y∗) uniformly on compact sets. Writing

dT (N) := sup
t∈[0,T ]

(︂
∥x̂N (t)−x∗(t)∥∞ + ∥µ̂N (t)−µ∗(t)∥∞ + ∥ŷN (t)− y∗(t)∥∞

)︂
for the worst-case approximation error over the window [0, T ], this supposition implies
that there exists some horizon T < ∞, some ε > 0, and indices N1 < N2 < · · · such
that dT (Nk) ≥ ε for every k. However, the argument above applies to the subsequence
(x̂Nk

, µ̂Nk
, ŷNk

), yielding a further subsequence (x̂Nk′
, µ̂Nk′

, ŷNk′
) that converges uni-

formly on compact sets to (x∗,µ∗,y∗). Therefore, dT (Nk′) → 0, and so there are (in-
finitely many) terms in Nk′ (and thus infinitely many terms in Nk) where the worst-case
approximation error is less than ε; a contradiction. Taken together, no such T and ε exist;
hence the full sequence (x̂N , µ̂N , ŷN ) converges almost surely (uniformly on compact
subsets) to (x∗,µ∗,y∗).
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